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FOREWORD 


The principal results obtained up to 1935 in the quantum -mechanica! theory 
of angular momentum are contained 1n chapter III of Condon and Shortley's "Theory 
of Atomic Spectra" /1949/ Since then, owing to the ideas of Wigner /1931, 
1937/ and Racah /1942/, the theory has been enriched by the algebra of noncom- 
muting tensor operators and the theory of jf-coefficients. This has considerably 1n- 
creased 1ts computational possibilities and has broadened the scope of 1ts applications. 
Among the branches of theoretical physics where the methods of the theory of angular 
momentum are widely applied today we might mention the theory of atomic and 
nuclear spectra, the scattering of polarized particles in nuclear reactions, the theory 
of genealogical coefficients, etc. (a bibliography of the applications may be found in 
Edmonds' book /1957/). 

The only book known to us giving an exposition of the algebra of noncommuting 
tensor operators and 4-coefficients 1s Edmonds' "Angular Momentum in Quantum Me- 
chanics" /19§57/, which may serve as an excellent textbook for a first acquaintance 
with the subject, However, the exposition of the theory of y-coefficients and trans- 
formation matrices given 2n this book 1s not complete. This may constitute an impe- 
diment when the apparatus 1s employed in more complicated cases. The present 
book fills this gap. 

The writing of this book began before Edmonds' book appeared 1n print. The 
authors have utilized nearly all results known to them 1n the given field. Among these 
a certain place 1s occupied by the results obtained by a group of workers under the 
direction of one of the present authors (A, Yutsis), the remaining two authors 
(I. Levinson and V. Vanagas) being the principal participants, The book corresponds 
to the content of the first part of a course, "Methods of Quantum-Mechanical Atomic 
Calculations", given by the senior author to students of theoretical physics at the 
Vilnius State University 1m. V. Kapsukas over the last two years. 

We found 1t worthwhile to use the elegant and powerful methods of group theory 
in our exposition. To avoid encumbering the book with elements of group theory we 
have assumed that the reader 1s already acquainted with linear representations of the 
three -dimensional rotation group. The reader who 1s unfamiliar with this may refer 
to the books by G. Ya. Lyubarski1*/1957/ and I. M. Gel'fand et al, /1958/. 

We begin with the well-known theory of vector addition of two angular momenta 
(chapter I), turning next to the addition of an arbitrary number of angular momenta 
(chapter II), The following chapters (III-VI) are devoted to quantities of the theory 


a ee Be 


* English translation by Stevan Dedyer, Pergamon Press, 1960, alternatively, the 
reader may consult Wigner /1931/ or Racah /1951/-Translator. 


of angular momentum where an important place 1s occupied by the graphical method 
which 1s convenient for various calculations, The last chapter (VII) deals with the 
method of noncommuting tensor operators, Material of a supplementary character 1s 
given in the appendices, 

We have cited a number of unpublashed works some of which were not available 
to us. References to these were based on other published works, We apologise in 
advance for any resulting mnaccuracy. 

The authors will be grateful for cnticism which should be addressed to: 

Vilnius, ul. Kostsyushkos 30, Institut fiziki 1 matematiki AN Litovsko1 SSR 


Vilnius A.P, Yutsis 
August, 1959 I.B, Levinson 
V.V. Vanagas 


TRANSLATOR'S NOTE 


The present book 1s the translation of a Russian work published in Vilnius and 
Carrying an alternative title page in the Lithuanian language, which 1s written in 
Latin script. The translators were therefore faced with an interesting and nontrivial 
problem, that of deciding whether to spell the names of the authors as they are written 
min Lithuanian, or as they would be transliterated from the Russ:an_ The latter alter- 
native was adopted as being the form which would be most easily recognizable in the 
literature in Russian, to the best of our knowledge, a large number of works of the 
authors of this book have been published in Russian, and the Western reader 1s most 
likely to encounter references to these in Russian periodicals The Lithuanian version 
of the authors' names, as given on the Lithuanian title page, 1s: 


A. Jucys 
J. Levinsonas 
V. Vanagas 


This system has led to a certain double-valuedness within the translation itself The 
reader will find both "Yutsis" and "Jucys" in the text and 1n the bibliography The 
first 1s used to quote references cited in Russian, and the second for references cited 
in Lithuanian. 

The authors' address at the end of the foreword was given only in Cyrillic, we 
were therefore obliged to render it as a transliteration from the Russian The only 
exception is the place-name Viinius, which 1n transliteration would be Vil'nyus and 
is known to many as Vilna 

If the reader opens the book at random, he 1¢ likely to get another surprise, e g 
"Condon and Shortley 1949" A large number of standard Western works seem to be 
m circulation in the USSR in Russian translation Several such translations are quoted 
in the present book. We have in such cases stuck to the book and have referred to 
the Russian translation. In the bibliography we have also given the original reference, 
not because any reader of this book will need to be reminded of 1t, but out of a 
desire for completeness 

In matters of terminology we have occasionally departed from the Russian original 
We hope that the reader of this translation will not "feel" it, which we also put for- 
ward as our justification for taking this liberty We have tried to render the scientific 
content of the book with the utmost faithfulness However, 1t 1s well known that 
translations, unlike rotations, cannot always be represented in a "umitary" form We 
therefore do not guarantee that an independent translation of the present book into 
Russian will recover the original 


It should be pointed out that the authors make an essential difference between 
"Clebsch-Gordan" and "Wigner" coefficients, the latter term being reserved ex- 
clusively for the 3 j-symbol. We found it necessary to maintain this distinction also 
in the translation 

The book 1s divided into sections which are numbered serially throughout the 
book, and not according to chapters Formulas and diagrams are numbered serially 
within each section. Thus we might have formula (23 1) or Figure 23 1, referring 
respectively to the first formula and the first figure in section 23. The numbers of 
formulas are always in parentheses, that of diagrams, never In the text, therefore, 
(23.1) would refer to a formula and 23.1 to a figure. The appendices are numbered 
separately. Corresponding formulas etc. carry the prefix "A". 

Several misprints and inaccurate references have been corrected. A small 
supplementary bibliography and an index have been added. The latter is not com- 
prehensive, but deals essentially with definitions of quantities which are new to 
Western literature. 


Chapter I 


ADDITION OF TWO ANGULAR MOMENTA 


In this introductory chapter we shall deal with angular momentum and its pro- 
perties, which 1s the basis for subsequent development of the mathematical apparatus 
of this book. Section 1 sketches the connection between angular momentum and the 
three-dimensiona! rotation group. Section 2 deals with the corresponding eigen- 
functions and representations, The addition of two angular momenta and ts relation 
to the reduction of the direct product of two representations 1s given in section 3. 
The Clebsch-Gordan coefficients are examined 1n section 4, and finally in section 5 
the more symmetric Wigner coefficients are introduced. 


1. Angular momentum operators and spatial rotations 


Let the function | describe the state of a physical system in a certain system of 
cartesian coordinates. If we transform to a new system of coordinates, obtained by 
rotating the old system through an angle @ about the axis #, the state of the physical 
system will then be described by a function ’ which may be obtained from by the 
operation of an unitary operator V(n, w), the latter of course depends on the para- 
meters of the rotation 


dy’ =Vin,w). (1.1) 


For w=0, V wall obviously be the identity operator 
Let us write the operator V in the form 


V(n,o)= ev J(n, w) (1.2) 
The operator J must tend to zero with @, and for small W we therefore have 
J(n,w)=J,o. (1.3) 


Inserting (1.3) mnto (1.2) and expanding the exponential in serres we obtain, for 
small w, 
V(z,w)=1—70J, (1.4) 


where | denotes the :dentity operator. For small w (1.1) therefore becomes 
, = == 
Spey —p=—twl),y. (1.5) 


Thus, up to the factor ~t, the operator w J gives the change in the function 
upon an infinitesimal rotation about the axis 2%. 


From the unitarity of V (VtV = 1, where V+ is the hermitian conjugate of V) 
it follows that the operator J, 1s hermitian. Clearly, from (1.4) we have 
(1 +twJ*)(l—fwJ)=1, whence it follows that J+ =J_ (condition of hermiti- 
city). The operator —sJ » isthe operator of infinitesimal rotation about the axis # 
The three operators J,, Jy, Jz of infinitesimal rotations about the cartesian axes 
satisfy the well-known commutation relations /Condon and Shortley 1949/ 


(J, JJ=tJ. U,, JJ=iJ,, (I. JJ=tIy: (1.6) 


where [a, b] denotes the commutator ab-ba. 

The commutation relations (1.6) are general conditions which are satisfied by 
the components of an arbitrary angular momentum (measured in units of h/2m) In 
particular, they include both the orbita] angular momentum L with components 


0 0 
L, = —2(y i: —25 » (and analogously for L, and L.) (1.7) 
and the spin angular momentum with components expressed by the Pauli matrices 
| : 1 
Ss, = ,; ’ S, = : ’ S, == N : (1.8) 
z 0 z ? aa 


In the first case, the function } which describes the state of the system 1s a func- 
tzon of the space coordinates, in the second case, it 1s a spinor with two rows and 
One column. 


2. Angular momentum eigenfunctions and representations of 
the rotation group 


We shall use the term "angular momentum eigenfunctions" to denote the 
2 
eigenfunctions of the operators J* and de From the commutation relations (1.6) it 


may be shown (Condon and Shortley /1929/) that the eigenvalues of the operator J? 


A | 3 
are f(y +1), where »=0, > i, 3H eee, and that the eigenvalues of J- are 


m=O, t5,+1,+ 3, ». The eigenfunctions of the angular momentum J may 

therefore be denoted by (jm). The quantities y and m are either both integral 

or both half-integral. Further, |m|<j and for given j, m may assume 2)7-+ I 

values. 9 1s usually called the angular momentum quantum number and M its pro- 
jection on the 8 axis or the magnetic quantum number. Operating on the eigen- 

functions, J*® and J, give 

J°y Gm) = 1 G+ 1) ¢ (ym), 

2.1 

Jah (ym) =m (ym), a 


1 
(J, £13, ¢ im) = (Fm) (Fa m+ 1) oms I), 


These equations determine the standard choice of phases for wave functions with 
different mm. 

The last two equations in (2.1) show that, for fixed j, the functions (jm) 
transform among each other under infinitesimal rotations. Hence these functions 
transform among each other under fimite rotations 


V(e) 4 (sm) = 5 b(Jm')(m'|D,(e) Im). (2.2) 


Here g denotes an arbitrary rotation and V(g) the operator of this rotation. The 
equation (2.2) means that the transformed functions are expressed as linear combina- 
tions of the original functions (jm). The coefficients of these lmear combina- 
tions are elements of the matrix D;(g) of order 2j +4 1 which depends on the 
parameters of the rotation g. The matrices D, (g) with different g form an wre- 
ducible representation D, of the rotation group (see, for instance, Wigner /1931/, 
Gel'fand et al. /1958/, Lyubarski: /1957/), 1.e., 


D, (81) D, (g2)= D (g1 °8:), (2.3) 
or, 1n terms of the matrix elements, 


5, (m1 Dy es) 1m’) (mm | Dy (64) |") = 


= (m | D, (&1 -8)|m") ; (2.3a) 


In accordance with (2.2), the functions (jm) form a basis for the representation D,. 
The representation D, 1s unitary 


D,(g~*) = D7" (g) = Dt (6), (2.4) 
or, which 1s the same, 
, 9 ec * 
(m1 D,(g~3)| m ) = (m |D-* (g)|m ) = (m | D,(e)|™) , (2.4a) 
The condition of unitarity may also be written as 
D,(g) D+ (g)=1, (2.5) 


or, 1n terms of the matrix elements 


&, (m1 Dyle)|m’) (me 1D, (2) | m’)” = 8 (m, me’. (2.58) 


Further, we have the relation 
\* mm! ’ 
(m| D,(g) |)” =(—1)"-" (—m1D,(6)|—m’) = 


= ( ee aaa —~m| D, (g)| —m'), (2.6) 


This property of the matrices D, 1s related to the following property of the func - 
tions d 


p* (jm) =(~— 1Y "bh (f — mm). (2.7) 


Using (2.6), the condition of unitarity may be written in yet another form 
zr" “ D,(g)|m'\( —m'"| D,(g)\—m’) =8(m, m"). (2.5) 


The phase factor (— 1" may, 1f desired, be written in the more symmetrical 


1) —m)+(j3—m ; 


form (— The matrices D, (6) form a system of functions in g, 


orthogonal on the group of elements g 


J (1D, ceniom) (mat 0, D, (g)|m )e = 


= (27,+ 1)-'8 (j1sd2)(— 1)'~™ 8 (my, — mm) x 
x(— 1)" 8 (m, — m2). (2.8) 


Here G 1s the volume of the rotation group. Noting that (0| Dy(g)|O0)=1, we 
obtain from (2.8) 


J (mo, (g)| m') = 8 (1, 0)8 (mn, 0)8 (m’, 0). (2.9) 


Here we should add a few remarks concerning the matrices D, with half-inte- 
gral 7. These matrices do not form representations of the rotation group in the strict 
sense of the word, as to each rotation g there corresponds two matrices D, with 
different signs. This is related to the fact that the wave functions of systems with 
nonintegral spins change sign upon rotation by 2x about an arbitrary axis. One may 
avoid this two-valuedness and restrict oneself to usual single-valued representa- 
tions by formally introducing the so-called double rotation group /Bethe 1929/, In 
the double rotation group a rotation through 2% about an arbitrary axis 1s regarded as 
an element g which 1s different from the umt element. As a result, the number 
of elements of the group and the group volume are doubled. When the double rotation 
group 1s introduced the matrices D, with integral and with half-integral y form the 
usual representations of this group. In all formulas in this section g should be under- 
stood as an element of the double rotation group, only in which case will the formulas 
assume a rigorous meaning for half-integral y. Instead of the double rotation group 
one can consider a group which 1s isomorphic to it, namely the group of unimodular 
matrices* 

a 8p 


~p* atl Detu =aae*-+ BB* = I. (2.10) 


* On this point the reader may consult Wigner /1931/, chapter 15 (the section on 
"The Homomorphism of the Two-Dimensional Unitary Group onto the Rotation 
Group", p. 157 of the English translation), or "Topological Groups", by Leon 
Pontryagin, Princeton University Press, 1939, ch, IX, foramore general discussion. 


The explicit form of the matrices Dy, which are expressed in terms of the 
Euler angles or the Cayley-Klein parameters @ and 8 was obtained by Wigner /1931/, 
The first of these expressions can only be used for the usual group of rotations and 
integral y. The second 1s also suitable for the double rotation group and for half- 
integral yj. The asymptotic expressions forthe matrices D, for large y (sem1- 
classical approximation) can be found 1n Brussard and Tolhoek /1957/, 


3. Addition of angular momenta, reduction of the direct product 
of representations of the rotation group 


The wave functions of a quantum~mechanical system in a spherically sym- 
metric field are the eigenfunctions of a certain angular momentum J and are 
characterized by the quantum numbers y and ™. We shall denote these functions by 
)(ajm), where @ 1s the set of additional quantum numbers required to complete the 
set. We note that if a different set of additional quantum numbers 8 1s chosen, the 
transformation matrix will have the follow mg property /Condon and Shortley 1949/ 


(agen | By’an’) = 8 (y,9°) 8 (m,m’) (ay | By). (3.1) 


In the absence of an external field, the energy of the system does not depend 
on m (1.e,, on the orientation of the "vector" y in space), and therefore all wave 
functions with the same @ and # belong to the same energy level, which thus has a 
(2j + 1)-fold degeneracy. 

Let there be two weakly interacting systems. In the zeroeth approximation, 
1.e., when the interaction between the systems 1s neglected, the wave function of 
the coupled system 1s the product of the wave functions of 1ts component parts 


9 (21 J1%aJq3 Mg) =p (0,71 ,) b (227409). (3.2) 


and the energy of the coupled system, being the sum of energies of the component 
parts, depends only on @j,% fg. | Consequently, ali the f=(2j, + 1)(27.+ 1) 
wave functions (3.2) with different my and m, belong to the same energy level, which 
is f-fold degenerate. To calculate the interaction in the first approximation we 
must, as 1s known, set up the proper wave functions } in the zeroeth approximation 
which are linear combinations of the wave functions @ of the zeroeth approximation 
belonging to the same energy level. The proper wave functions in the zeroeth 
approximation should be the eigenfunctions of the operator J =J,+J, with cer- 
tain quantum numbers ¢ and m. This requirement can be satisfied by choosing the 
coefficients of the linear combination to be independent of @ and @. Thus we 
have 


p (ar J1 a fqjm) = 
=D paris) p (eat2%a) iadg mymg [irig/m). (3.3) 


The construction of eigenfunctions of the operator J=JitJe from the eigen - 
functions of the operators Ji and j, described by the equation (3.3) w2ll be 


termed the addition or coupling of the angular momenta j, and j, to the angular 
momentum j, and the wave function (3.3) the wave function of two coupled angular 
momenta. Further, we assume that the eigenfunctions of each angular momentum do 
not undergo transformations of the type (3.1) upon coupling. Im such cases we shall 
simply omit the quantum numbers @, and @,. If the coupling 1s accompanied by a 
transformation of the eigenfunctions of the individual angular momenta, then, since 
from (3.1) the matrices of these transformations are independent of the magnetic 
quantum numbers, we have 


(Gif, Sof yg | Bis, BejeJm™) = 
= (771 | Bays) (%g Je | Boye) ity 741M, lyr 72.J™). (3.4) 


This equation shows that the transformations of the wave functions of the individual 
angular momenta are independent of the coupling. The inverse transformation from 
the functions (3.3) to the functions (3.2) is given by 


th (ay J,7m) p (@g Jo) = 


= > P (ery, e209) (frjg sm |71Jq Mg). (3.5) 
™ 

The coupling of poe uids momenta can be regarded as the transformation of an 
orthonormal system of functions @(m,m,) belonging toa given energy level into another 
orthonormal system (jm) belonging to the same level. The coefficients of the 
expansion (3.3) should then be understood as the elements (mm, IC. ;. |jm) of an 
unitary matrix C, ” which effects this transformation. It 1s obvious that the coeffi- 
cients of the expansion (3.5) will then be the elements (jm|C-" | 2,972) of the in- 
verse matrix Ci. The matrix C may be chosen to be real. The coefficients of 


the expansions (3.3) and (3.5) will then be identical. This means that 
Cirig MaMa |jrjg5m) = (i iesm lito M2). (3.6) 
These coefficients are called the vector addition or Clebsch-Gordan coefficients, 


The conditions of unitarity of the matrix C reduce to the following orthogo- 
nality conditions of the Clebsch-Gordan coefficients 


> CfrJosom irs, mye) (Jrsy MaMal frjas'm’) = B(j, 7’) 8 (mm, m'), (3.7a) 
> Cjrtg my |Fig9™) (15,5 lis mim;) = 
ym 
== 5 (m,, m,)8 (m,, m3). (3.7b) 


The Clebsch-Gordan coefficients are non~zero only when the following conditions 
are fulfilled 


Ath >i > lal . (3.84) 
Sitde + = integer, . (3.8b) 
Mm, -+- Mm, =m, (3.8c) 


These are the so-called integral perimeter triangle conditions or simply the triangle 
conditions, 

The Clebsch-Gordan coefficients are closely related to the representations of 
the rotation group. The (2/,;+ 1) (2, +1) functions (3.2), »n which ji, and fo 
are independent, form the basis of the direct (Kronecker) product representation 
D, XD, of the rotation group. In fact 


V (g) par); %pJ_; mm.) = 


= >) (tif, Mein; ati) (mim D, (g) x D, (g) | mm) (3.9) 
myer, 
where the matrix elements of the direct product are 


(mim |D (e)xD, (e)| m,m,) = 


= (m; | D, (e) |m,) (m, | D, (g)| m:) (3.10) 


The direct product Dd x D,. 1s reducible, this means that there exists a matrix Cy 
such that 


c. (D,, x D,)-¢ dds =D ar -_ + Di, -41- (3.11) 


Here the right-hand side contains 2a 'quasi-diagonal' matrix with the submatrices 

D,, J =Iitdeo+-91J1—Jg], further, each submatnx D, appears only once. The 
wave functions of the coupled angular momenta form the basis of the reduced repre- 
sentation, and the matrix Cc 4 3 identical with the above-mentioned matrix. The 
Clebsch-Gordan coefficients are thus the elements of the matrix which reduces the 
direct product of two irreducible representations of the rotation group /Wigner 1931/, 
In terms of the matrix elements equation (3.11) therefore assumes the form 


> Gisdasm |jiJgmm,) (m, [ID (s)I mi) (m, |D, (s)| m:| x 
mim 


x Giada my mm; Lirdai’m’) = 8 (4,3’)(m 1D, (e)|m'). (3.11a) 


From the unitarity of the Clebsch-Gordan coefficients (3.7), we obtain the in- 
verse relation 


(m, | D, (8) |m;) (m, [D,,(6)|™,) = 


= d (iij2 mm, Livizim)(m | D, (¢) |r" \ indi’ [ixJa 74m:). (3-115) 


Simm’ 


Multiplying this equation by (mg |D,. (g) | 7,) and integrating over the group accord- 
ing to (2.8) we obtain the relation ~ 


f (mes | D,, (2) ;) (1m, | D,, (2172) (m, | D,, (2) | m3) 2 


= ( as iy meee (2j, + 1) Gia Mo lias ae mm) x 
x (Jas, ey; MF: F243 — ms). (3 12) 


In this equation we substitute gg’ for g and replace each matrix element by the ex- 


CPrer (m | D; (ge’)| m' | => (m| D, (8) | m'"| (m" | D,(g’) | m') (3.13) 


we” 


Integrating the equation thus obtained over the group we find, according to (3.12), 


X= 1p (mi" 1D, (@) Lm) (mi’ 1D, (2) 1m) x 


x (mi | D,,(e)|m3) (iste mi’my 194049 — 5’) x 
x (sade mya Vindada ~ m4) =(— 1)" (ta79 my LI tads —m,)x 


x (finda mins indads — 4): (3.14) 
If m,, m, and mg, are so chosen that the common factor in this equation is not 


zero then, dividing by the Clebsch-Gordan coefficient and dropping one prime every- 
where, we obtain the following equation 


(= 1)" (jag mum, Lindale — my) = 


= > (= 1)" ir mim, lisdeda — 5) X 


e 6 ¢ 
970, 90M, 


x (mm: | D, (8) 11) (m’,} D,, (a) 742) (151 D,,(6) 1s) (3.15) 


which will be useful later on. 


4, Expressions for the Clebsch-Gordan coefficients and 
their properties 


The Clebsch-Gordan coefficients are frequently encountered in quantum - 
mechanical calculations. It is therefore useful to have explicit expressions for 
them in terms of the parameters jy, Jes J» 4) 1g, m. Such expressions were ob- 
tained 1n different ways by Wigner /1931/, Van der Waerden /1938/, Racah /1942/ 
and Majumdar /1958/, 

Wigner used an explicit form of the matrices D, and obtained the Clebsch- 
Gordan coefficients from (3.12), Wan der Waerden's method consisted of constructing, 
with the help of spinors, a space in which D>» D. and D, operate (spinors are 
quantities which transform according to the representation D,). Racah made use 
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of the recursion relations for Clebsch~Gordan coefficients. Finally, Majumdar ob- 
tained an equation which related the Clebsch-Gordan coefficients to the hypergeo- 
metric series, from which the required expression could be found. 

The expressions for the Clebsch-Gordan coefficients obtained by the four 
methods described above are equivalent, although they differ in their outward form. 


Each possesses 1ts own advantages in particular cases. We shall therefore cite the 
corresponding formulas obtained by all four methods. 
Wigner's formula 


(J: Jg MyM, liiJ3m) = 6 (m, + ms, m)- A (jrJ2J) X 
(7+m)!G—m)!' (25+ 1) 2 
«| Game Goe OTSmOT | os 


UG +Je+m —2)'Gi-— m+)! 


x2 (- Way m=O—n tana atee A 


Van der Waerdenie formula 
(Jada My? [FxF29m) = 5 (m, + m,, m)- A(j1325)X 
ef int)! Gin — ma)! ia + ma) Gig — me) X 


i 
x (Fm)! (jm)! (2h-+ i x 
2 ] 
" 2 (—}) 21h $32. —9 — 2)! Gy — mi — 2)" Gg + my — ZX (4.2) 


X f= 3, + ma +2)1—n— mgt 2)) 
Racah's formula 


(SxJz MyM [Fstq gm) = 8 (my + m,, m) ‘A _— x 


a (Qj+ 172 
Gi tm) 1034+ m,)! 


x (— Lyi 
G+i—i)!'G+tn—Ai 


Cu ++ 2)!1G4+5,—m,—2)! 
x >(- I)" s'G- —m— IG way Cojtm ee (4.3) 
Majyumdar's formula 
(jr Jo mytty |, Josm) = 8 (my + m,, m) A — x 
a m,)' (i+ m)1(2j-+1) 12 
Ga+m,)lG—m)! 
(—lyetm 
Qi-AntNIi+n—-)! x 


— ye thas tay 
x 2, I) a!}G+m—2)'(—j, +32. +5—8)!G1—-j—m, +2)! . (4.4) 


x 


In these formulas 


A 
© ey f Gr Ia)! Gi — Ia +52)" (Si F52 $33)' 2 
A(j1J2J3) =| Gitse+ist+ 1)! 


is the so-called triangle coefficient. The sums in the formulas (4.1) to (4.4) are 


(4.5) 


essentially hypergeometric series, owing to which the Clebsch~Gordan coefficients 


can be expressed in terms of the hypergeometric function /Rose 1955/ 
(i1J2 mymg |jri2im) = 8 (my + mm, m)-( — [tm x 
G +h —I)'Gi +42. —-I)'G—)'Gi— m1 27 + 1) ]’ y 


ss Gh +3)! Gr +Joti+ D'G+m)'G, + m,)1G,—m2)'G, +m)! 


: ' aa 
x eta Fo(—J th mJohnm— m+ i, 


—jJ—Mjy—~j2— mt 1, —F—Jg—m,; 1). (4.6) 
Using the explicit expressions of the Clebsch-Gordan coefficients, it 1s possible to 
obtain the following symmetnes /Racah 1942/ 


(Jy 5q Mg [F,J_J™m) = (4.7) 


p 
—9,— WF. 2 1] > ¢ s 0 
= (yn th)! (inims — mit — m= (a) 


4 
—_ td 2 1 | ee ee e 
== (—1)'** Eresal (if, — mt, lift, — m,) = (b) 


=(— [ytd (Jo Js Mam, |Jg J, Jm) = (c) 


i 
_mf 2741 °72,.- st does 
=(—1)' (a5 ] (Asm, — m|f,5 J, — my) = (a) 


; 1 
=(— 1m SE Gj —mmliei—md= ——— (e) 


= (— 1) (fig — my — mg lis 25 — m). (4.8) 


Combining (4.7) and (4.8) we obtain all the symmetry properties of the Clebsch- 
Gordan coefficients. It 1s convenient to transform the sums (4.1)-(4.4) with the aid 
of the symmetry relations so as to be left with the least number of terms in them. 

It should be noted that use of the symmetry properties and replacement of the 
summation parameter does not transform one expression for the Clebsch-Gordan co- 
efficients into a different one. Transforming from one form into another requires 
rather complicated algebraic manipulations, such as were carried out, for instance, 
by Racah /1942/ to transform (4.3) into (4.2). 

In certain cases the sums 1n (4.1)-(4.4) can be reduced to a single term. This 
happens when the triangle (jj, Jo» J3) 1s "stretched", 1.e., for Jy +42 =7, or 
when one of the parameters jy, jy, fg 1S zero. It 1s not difficult to verify that 


(4,07,0 | 7, 0m) = 5 (79) 8 (m,, m), (4,9a) 
(Ji sg, 171400) = B(Jis Jeg) 5 (my, — m2) X 


_a 
x(— 1)" (24,41) 7, (4,9b) 
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CiiJe Mg |JyJaJ1 tJ_q mM, + m,) = 


1 
=| pl et te the tm emt (4.10) 
: ; ; 


27, + 272)! G, + m,)' Gy, — m,)! G2 + m,)'G,—m,)' 


A single-term formula for coefficients of the form (J9\%\\|j,J,9 2m,) has been 
given by Stone /1956/. With its help pecuaars formulas may obtained for 


Gatsjpmtpm lj t+sy, J 2m+p) for s= 53 I! and p= +7; 0, +1 respec- 


tively /Stone 1957/, Racah has shown /1942/ that single-term me may also be 
obtained for the cases in which all magnetic quantum numbers are zero. If the sum 
of the angular momentum quantum numbers 1s even, 1.e., 4 +/,+/=2g, then 


4 ¢ 
= (— 1)°*4(27-+ 1)? A(44)) GaintG- Gon (4.11) 


if b+h+l=2g4+-1, then these Clebsch-Gordan coefficients vanish. 

The Clebsch~Gordan coefficients satisfy certain recursion relations in the angu- 
lar momentum quantum numbers and their projections, The recursion relation in the 
projections 1s /Condon and Shortley 1949, Racah 1942/ 


L 
(Jado Mae fiJ29m + 1) =(( Fm) m+ 1)] x 
4 
x | [iF m+ 1) Ge md) ade mF 1 my isos) + 


+ (ie F met Ue mad)” Ose me F Miriam) }. (4.12) 


The recursion relations in the angular momentum quantum numbers are /Condon and 
Shortley 1949, Wigner 1937, Louck 1958/ 


(jd2yme [J 3g jm) = 
=| (2i+ late toatl (- ant seety) insets) (nts -i— 1)]* x 


1 
{| Ga—m, +1) Ge+tm) G+ m—1)4+m) }’ (ria 


(27—N m,— 1 met 1ljj.f —1m—1)+ 


4G—m)Gtm)m: | eee 
[Sworn | (JiJq My |J,\Jej — 1 m)+ 


1 
G.+ m+ 1)G,—m.)G—m—l)G—m) 72 
+[ (27—1) - 


X (ajo, met Ll jies —1 m+ y}. (4,13) 
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Cigdq ims |J15,9m) = 


i 
=| (27+ 1) (Gita tit I(-Atiet Nn] m 


x{[a—moi—m) a4 m, m+ 3 
lite gi-z m+35)+ 


i 


+[GatmdG+m] (i—zmm—s 
hi-def m4)h is 


The symmetry properties and recursion formulas for the Clebsch-Gordan coeffi - 
cients can be reduced to a more convenient form by considering the symmetrical part 
of the coefficients, the so-called Wigner coefficients, These coefficients will be 
examined in section 5, where we also give a few additional rroperties of the Wigner 
coefficients which can, 1f desired, be rewritten for the Clebsch-Gordan coefficients. 

Ten-figure decimal tables of numerical values of the Clebsch-Gordan coeffi- 
ceints for the parameters 


j=0(1)4; jp =0(5)9 


have been compiled by Simon /1954/, Here a(c)b means that the parameter 
varies from @ to 8 in steps of ¢. Less complete tables can also be found in 
Kumar /1957/ and Alder /1952/, 

In some cases tables of algebraic formulas for certain values of one parameter 
are also used. For example, if the value of jy, 1s given, j# can assume the values 
from |j; —Jj,| to J,-++j, for all possible values of mg from —j, to j,. Zukauskas 
and Mauza /1957/ found that in the compilation of such tables it 1s convenient to use 
the following formulas obtained from (4.1) with the help of the symmetry properties 
(4.7) 

Cie mym, |ij,jm) = 
= tuts a tz m—ayiatmtzy 
=A (=e OST CCN ayia (41a) 
2 
= +mtutz GU +s,+m— m,—2)!(j,—m+m,+ 2)! 
=42, = 1" ie ta ator eT (4.15b) 


Here 


2 
_ a ies Cra + 1792)! (7, — me)! (2F +1) 2 
ce A (iii| G+ m)'G—m)!(n + m—m,)!0,—m+ m,)! 
and 


u=j—j; +), . 
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The convemence of these formulas consists of the fact that the number of terms in 
the sums 1s small and that after expressing » intermsof j,, no factorials dependent 
on Jj, and m remain in the denominator under the summation sign, 


The algebraic expressions for the Clebsch-Gordan coefficients for the cases 


Io= r 1, > and 2 are given in Condon and Shortley's book /1949/, For cases 


where further h=> and 3 they are given 1n Sears and Radtke /1954/, For J, =5 


the expressions were obtained by the authors, for jg==3 they were taken from 

5 
Falkoff et al. /1952/. The expressions for sp = 3 were also obtained by Saito and 
Morita /1955/ and Melvin and Swamy /1957/, and for y,==3 by Yamada and 


Monta /1952/. For j,= us analogous expressions were obtayned by Zukauskas and 
Mauza /1957/. In all these cases the Clebsch-Gordan coefficients are expressed in 
terms of y, and m for given Jo and m,, except in Sears and Radtke (loc, cit.) where 
they have been expressed 1n terms of y and m for given values of jy, and mj,. 

An examination of the above-mentioned formulas shows that we can write the 
Clebsch-Gordan coefficients 1n the following form 


(JyJg Im — mM, me |IiJo fi tem) =A, (4) Bim) (4.16) 
Here f ; 
A, U)= [] Qi +e+1+2)"?, (4.17) 
at 


where R vanies from — fy to + fg. The quantity B satisfies the following sym- 
metry condition 


B in-m, (j,.m) = (— I)r-’ B am Gi» —m). (4,18) 


This property makes it possible to reduce the size of the algebraic tables by nearly 
one-half, however, 1t was not used in the compilation of the tables listed above 
Owing to the availability of the general expression (4.17) for A, it 1s possible to 
restrict oneself to giving the expressions for B alone (say, for m,20) The 
corresponding tables for existing cases y,<4 are given at the end of the book (ap- 
pendix 2). Asymptotic expressions for the Clebsch-Gordan coefficients for large values 
of the parameters may be found in Brussard and Tolhoek /1957/, 


5. Wigner coefficients and their properties 


The symmetry properties of the Clebsch-Gordan coefficients assume a far more 
convenient form 1f we introduce the Wigner coefficients /Wigner 1937/ 


( yi Je = au 
mM, Me My : (5-1) 


which are related to the Clebsch-Gordan coefficients by the following formulas 


ei 2 3 _m(41 Jo J 
(fata st Vi piq mymty) = (— I-44 (7)? (1)! ae (5.2a) 
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Gis, mym, iiJeJm) = 


3 ho Ad 
=(- })h-And (ij)? (~ ppermtenm/ : (5.2b) 
Here and hereafter (j) will denote 2j +1. 

In accordance with the conditions of nonvanishing of the Clebsch-Gordan coef- 
ficients (3.8), the Wigner coefficients are nonzero when the parameters of the upper 
TOW fi,J2,Jy form a triad, 1.e., can be the sides of a tnangle with an integral peri- 
meter, and when the sum of the parameters ™,, ™,, mg, of the lower row 1s zero, 
The parameters Jy, Ja, Ja, My» Mg, My can be integral or half-integral, further, j;, 
and m™, are simultaneously integral or half-integral, so that each of the nine num- 
bers 

Atm, mm, —htietJa 
Jgtm,, Je — My, Ji Js +Js, 
Jstms,Jy— Ms, Ja td Jas 


(5.3) 


1s an integer, 
From (4.7) one can easily obtain the following permutation properties of the 


Wigner coefficients oe ar 
@ Ja 8) me In ) (5 4) 
m, Mz Ms m, Mm, Mm, 


123 
where € = 1 if the permutation ( k :) us even and ¢=(— ye if 1t 1s odd. 
8 


From (4.8) 1t follows that 
te Jg ef = ( — aie | ys Io Is ) (5.5) 
mm Ms Mg —m, — My, — 3 
The orthogonality properties of the Clebsch-Gordan coefficients (3.7) give the 
following orthogonality properties of the Wigner coefficients 


| —— Je Je ( nh Je *) = 
»- ) MM, Me Ms —Mm —mM, — M3 
Ihe © 


= 8 (js1J3) (ia) +8 (ma, mg) ( — 1)°~™- firieis } (5.6a) 


Zon (Adah V/( jis >). 


hams 17, Iz Me — mi = tt, — M3 
= (= 1Y'~™ 5 (m,, mi) -( — 1-8 (m,, mi). (5.6b) 


{j1jo3 } 1satriangular delta which 1s equal to umty if Jj, fp, jg form a trad and 
zero Otherwise, The forms of (5.6a) and (5.6b) were chosen for convenience 1n the 
subsequent considerations, 


and 
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From (4.9b) it follows that 
(? Je 0) _ ‘ J2 ) 
— = 
m, m, 0 my, M, 
-$ jJiwvmm 

=8(js2)(n) *+(—1)' 8 (Mm, —m). (5.7) 
Using (5.2) one can write explicit expressions and recursion formulas for the Wigner 
coefficients, We note that by using the symmetries one can reduce the sums of the 
form (4,1)-(4.4) to a form in which the number of terms 1n the sum over Z 1s only 
larger by one than the smallest of the nine numbers 1n (5.3), 


In the frequently-encountered particular case m, =m, = m3 =0, 1t follows 
from (4,11) that 


(og) ahh) =(— DPA a! eee. fe 
000 1°2°3) = 14 ) Gah RCIA (5.8a) 


foreven 4 +/,4+1,;=2g and 
(44),) =0 (5.8b) 


for odd 4,+4+4. We note that the quantity (1,413) 1s fully symmetric 1n all 
parameters, 


We give yet another property of the Wigner coefficients which was obtained 
by Regge /1958/. For convenience an intermediate notation is introduced 


Mee ie —j, +J; +33 ii ~Js +33 Ii +, —Js 
(7 = » \= him Jo Mz Ig ™3 YJ. (S.9) 
ve htm Jo+m, Jat im, 


According to (5,3) all the mine numbers 1n the right-hand side are positive integers. 
The sum of the numbers 1n each row and column is 7, -+j7,-+J3. In this notation one 
can arbitranly permute the rows or columns, as well as transpose them relative to 
the principal] diagonal, An even permutation of the rows and columns and transpos)- 
tion does not change the Wigner coefficient. Upon an odd permutation of the rows or 
columns the Wigner coefficient 1s multiphed by(—1)/t#*#, The permutation 
of columns 1s equivalent to (5.4), and the permutation of the two lower rows to (5.5). 
The other permutations and transposition give essentially new symmetries. 

Replacing the Clebsch-Gordan coefficients 1n (3,15) by the Wigner coefficients, 
we obtain the following 1mportant relation 


Aida) di Ja J : 
Cr) p2 tenes (m; | D,,(@)1,)(m,1D,,(e)|m,) x 


x (m5 1D, (2) m3) (5.10) 


Instead of the Wigner coefficients, certain authors use other quantities related 
tothem (see Appendix 1), All of these are less symmetncal than the Wigner coeffi- 
cients, and are therefore much less convenient to use. 
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Chapter II 


ADDITION OF AN ARBITRARY NUMBER OF ANGULAR MOMENTA 


The addition of two angular momenta, exemuined in the preceding chapter, 
may be immediately generalized to the addition of an arbitrary number of angular 
momenta. The present chapter 1s devoted to the study of this problem. In section6 
we examine the general questions concerning the addition of angular momenta and 
mtroduce the generalized Clebsch-Gordan coefficients, In the following section we 
give the connection between the reduction of the direct product of an arbitrary num- 
ber of representations of the rotation group and the construction of wave functions of 
the coupled angular momenta. 

Upon passing from two to a greater number of aaeulas momenta, the resultant 
angular momentum and magnetic quantum numbers are no longer sufficient for a 
complete characterization of the wave function owing to the appearance of interme- 
diate angular momenta. Furthermore, the wave functions of the coupled angular 
momenta depend upon the scheme of addition, The matrices of transformations be- 
tween wave functions belonging to different schemes of addition of the angular mo- 
menta are discussed 1n section 8, The next section deals with the problem of simphi- 
fying these matrices, 

The last section of this chapter introduces a more symmetric quantity than the 
generalized Clebsch-Gordan coefficient, 1n the same manner as was done 1n section 5 
for the case of two angular momenta. 


6, General considerations on the addition of an arbitrary number 
of angular momenta 


Let us first consider three angular momentum operators J,, Jg and J3. We 
shall denote an eigenfunction of the commuting set of independent operators 


yi. Fi. 3. i Pee Je; Jo (6.1) 


by 

(Ja JaJg My My Ma) =p (J, 2) P (Jo Me) p (Fg my). (6.2) 
We may consider a different set of commuting operators, such as 

:, Jj, jj. oe Jo (6.3) 
Here 
Ju =h+h 
d 

7 J=]it+h+J> (64) 
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We shall call their eigenfunction & ChJeJeJi2JM) the wave function of the coupled 
angular momenta, It may be expressed 1n terms of the functions (6.2) as follows 


PUvessJi2eJM) = x (5, 7) P (Fn Mm) b(J5 m5) X 


17,2717, 
X (FiJaJ4 My MMe My \VasetaJ, 12 JM). (6.9) 
The quantities 
(J:Jg 43 1 2 Mg). JeIsJ1g JM) (6.6) 


which enter 1nto the above expansion shall be called the generalized Clebsch-Gordan 
coefficients for three coupled angular momenta /Levinson 1957a/. The quantum num- 
ber Jig of the operator J3g will be called the intermediate angular momentum para- 
metes, or simply the intermediate angular momentum, 

Functions of coupled angular momenta can be constructed from the formulas 
of vector addition of two angular momenta, Using (3.3) twice we have 


b(n tedstSre IM) = > (m1) v Ug me) b (0a) X 


ones M,, 


X (ie mM, Me lr de; 12 Myo) CSisisMis Ms; \J1239 JM). (6.7) 


Comparing (6.5) and (6.7) we obtain the followmg expression for the generalized 
Clebsch-Gordan coefficient 


(Jy JqJg My Me My {1 IaIa Jig JM) = 


= 2 Cie my 9 \I1JoSiaMi2) (Sie Js Mie ms Jigs JM). (6.8) 
Ms 


The summation above is purely formal, as it follows from the condition of nonvamsh- 
ing of the Clebsch-Gordan coefficients that the parameter of summation My, can 
have only the value m, +m, 

The subscripts of the intermediate angular momentum denote the angular mo- 
menta from which 31t 1s compounded, The set of subscripts of all intermediate and 
resultant angular momenta indicates the scheme of coupling of the angular momenta. 
Thus, the function 

P (5153325 S13 S24 J1994Misec) (6.9) 


1s constructed by the coupling J, +J,=hia, Jo+J,~=Jeg and Jist+ Jn.=J, 
which we shall abbreviate as 


A=((I +3)+(2+4)} (6.10) 


Here and in the following the capital letters A, B,.. will denote the coupling 
scheme. In the coupling scheme it 1s convement to differentiate between the "distm- 
bution" of intermediate couplings, determined by the arrangement of the brackets in 
the notation (6,10), andthe "coupling sequence”, deterrrinect by the arrangement of 
the indices of the component angular momenta Jj; nthe same /Levinson and 
Vanagas 1957/, For the wave functions of coupled angular momenta it 1s convement 
to use a notation which sets the coupling scheme 1n evidence. Thus, instead of (6.9) 


t7 


we write 


~ ( (Ciris)J 13 (Ja) J sy, 132aMy 94 ) (6.11) 


In this notation there 1s no loss of clarity even when the indices are suppressed. 
Where a concrete specification of the coupling scheme 1s not required, one can write, 
instead of (6,11) 

(CRAY a) a a, JM) (6.12) 


where @, and @g are the intermediate angular momenta, In the general case a 
wave function of the coupled angular momenta 1s written in a similar fashion 


(Gi ~J,)4 aJM), (6.13) 
where @ 1s the set of intermediate angular momenta @,, @,, * ,@,-5. It 1s the 
eigenfunction of the set of operators 


ji. eve a ,az, vee ae.3, J’. i (6.14) 
In terms of the eigenfunctions of the operators 
Jin Ja Sies Sue (6.15) 


(6.13) 1s expressed, like (6.4), as 


(Gi 4) aJM) = 


= Dv Cam) bi, mam intmgl Cir Sn) a JM), (6.16) 
mom, 

The coefficients of this transformation are the generalized Clebsch-Gordan coeffi- 
cients for an arbitrary number of angular momenta and an arbitrary scheme of coup- 
ling. In the notation (6.16) for the generalized Clebsch-Gordan coefficient it 1s 
natural to write the usual Clebsch-Gordan coefficient as (J, 11,J— Me|(JiJg)J m), 
asin Fano /1951/, 

It 1s often convenient to specify the coupling sequence in terms of the permu- 


P=(' aon ") (6.17) 


ty face 8, 


tation 


which must be carried out on the natural sequence 1,2, ,” to obtain the required 
sequence, For given P one should understand by A only the distribution, and drop 
the indices 1n the wmting of A, Then (6.10) will be represented by 


1234 
P=(, ss 1) (6.10a) 
A=((/+-)+¢4+>)), (6.10b) 


where the dots indicate the positions in which the angular momenta are arranged 
according to the lower row of (6.10a). 
For the above characterization of the scheme of addition the eigenfunctions of 
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the coupled angular momenta will be written as follows 


b((Pi, ~4)4aJM). (6.18) 

It should also be noted that 1n this and analogous formulas the indices indicate 
not only the serial numbers of the angular momenta but also the corresponding coor- 
dinates. This means that the permutation operator (6.17) also acts on the coordinates, 
For this reason (6.18), 1n an amplified form, will appear as 


¥((Px(l) 440)" 2JM) = 


=p ((:, (4) +1, ()) oJM), (6.19) 


where %,°**,%, indicate the coordinates with the same indices, 
The indices of the coordinates must be explicitly wmtten when the coupled 
angular momenta are numerically equal, such as in 


y ((1 ve g(t) > (RK) - in) aJM), (6.20) 


7. Group-theoretic considerations on the generalized 
Clebsch-Gordan coefficients 


From section 3 we know that the usual Clebsch-Gordan coefficients are the ele- 
ments of the matmx which reduces the direct product of two irreducible representations 
of the three-dimensional rotation group. It 1s not difficult to see that the generalized 
Clebsch-Gordan coefficients are elements of the matrix which reduces the direct 
product of an arbitrary number of irreducible representations of the same group. We 
shall satisfy ourselves of this by an explicit examination of the direct product, 

Let us suppose that we are given the direct product of m irreducible represen- 
tations 


Dj x Dy X «+ X Dy. (7.1) 


The matrix which reduces it to the 'quasi-diagonal' form shall be denoted by C,, 8 te 
We then have 


-1 
Cy. tn’ (Dy, X eas xD) G.. : 


= yt tn E + oe +in—19), + oe tina! a 
aaa + a;D7 + aa (7.2) 
Here &7 denotes the number of submatrices with the same value of J, further 


a+ ee ty, =! (7.3) 
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Clearly, the following relation holds true 


2 ay (2J+1)= re. +1), (7.4) 
1=) 
as the order of the iecounseese matrix should equal the order of the one from which 
we had started. 

The reduction indicated in (7.2) 1s carned out by the successive reduction of 
the direct products of two irreducible representations, It 1s made definite by speci- 
fying the scheme of reduction, which 1s the group-theoretic analogue of the scheme 
of addition of the preceding section, It 1s therefore denoted by the symbols of the 
preceding section. Thus, 1f the scheme of reduction 1s such that first the direct 
product D, x D,, 1s reduced and then D,., x D,,, the order 1s symbolized by the 
formula A = (a + 2) + 3). 

Each reduction of the product of two representations results 1n the appearance 
of a usual Clebsch-Gordan coefficient. Owing to this the elements of the matrix 
C,, Jj, are expressed in terms of the elements of the matrix C with two subscripts. 
In other words, the generalized Clebsch-Gordan coefficients are expressed in terms of 
the usual ones, as we already saw 1n the preceding section. For example, let 2=3 
in (7.2) and the scheme . reduction be A’, we then have 


Chats ‘(D,, xD, xD, ye IaJ2J3 


= 
jan ((Gi J1J3 -(D, x Dy, ): Gy5)* Pra) Chaar” (7.5) 
Using (3.11a), the right-hand side of the above may be expressed 1n the following 


> (Jiada JM |S igd3Maig ms) (13a J 1sMis |J1Jq 2m, Mg) X 
X (my myms | D, x D,,xD,, | 97,774,211) X 
* (Jr Jemima iidoSigMj2) S1a52Mj2 Ma lSiass JM), (7.6) 


form 


where the summation is carried out over my, Mg ms m, m, m, My, Mie... A compa- 
rison with (6.8) shows that the elements of the matrix C,, Jody 27° the generalized 
Clebsch-Gordan coefficients for the case of three angular momenta and the scheme 
of reduction 4’, 

The matrix which reduces the direct product (7,1) 1s unitary. Consequently, 
we have the following conditions of orthonormality of the generalized Clebsch-Gordan 


coef!_cients 


S(n = 10040 FM jut» Jy) x 


Ty ee68 Ihe 


x (fam oo Sati Ga Ji) at J'M’) = 
= (a, a')8(J,J’)5(M,M), (7.7a) 
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— DLs -iamal Cir Ada IM) x 
aJM 


x(Ci jaf jem, 1,) = 
where == 6 (1, mm) 5(m,, m)), (7.7b) 


$(a,a’)=8(a,,4;)  8(a,-2,a’,-s) 
Further, the generalized Clebsch-Gordan coefficients satisfy the reality condition 


(im sym rj, 4aJM) = 
=((i i4aJM ism, 3,70,), (7.8) 


which 1s the direct consequence and generalization of (3.6). 
It 1s easily seen that the generalized Clebsch-Gordan coefficients are nonzero 


when n n 
VISTI >i — Din (R12, am), (7.9a) 
i=1 ro] 
Dae tJ = unteger, (7.9b) 
t=] 
> m,=M, : (7.9c) 


1=] 
which are the generalizations of (3.8), They may be referred to as the polygon con- 
ditions. 
We also give the following formula 


(my, | Dy, |) ~~ (| D,, | m,) = 
= (im sat Ca J) “aJM) (MIDs 1M’) x 


aJM M’ 
x (Cio 5n)4QJM" Li mi fn), (7.10) 


which 1s the direct generalization of (3.11b). 


8. The transformation matrix 


Let us examine two systems of wave functions of coupled angular momenta 
constructed by the two different schemes of addition A and B,. We shall represent 
the passage from one system into the other 1n the following form 


(Ca an)? bIM) = 
= Yo 10)4aJ’M’) x 
atl M’ 
«(Gir In) Aaf'M'I(y + 1,)°2JM), (8.1) 
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where the second factor 1n the nght-hand side 1s the matmx which transforms the 
eigenfunctions of the scheme of addition A to the eigenfunctions of the scheme B, 
For the sake of brevity, from now on we shall refer to this matrix as the transformation 
matrix. 

Multiplying (8.1) by * and integratung over all the vanables, we obtain the 


equation 
° (Gis = 40J'M IG, = Jy? OM ) = 
= 8(,J')3(M,M’) J o°(Ci oe fn) aJ'M')x 


xv (Cir ~ in)” bJM) de, (8.2) 


which shows that the transformation matmx 1s diagonal in J and M, which agrees 
with (3.1), from the latter 1t also follows that the elements of the transformation 
matnx do not depend on M, One may therefore drop M when wmting an element 
of the transformation matnix, 

If the sequence of the coupling 1s given by the permutation (6.17), we can 
write an element of the transformation matmx as 


((Pyiy dn) OJ |(Pai Jn)? J), (8.3) 


where P, and Pg are the permutations which give the coupling sequences 1n the 
schemes A and B respectively. 
It may easily be seen that 1n general the equality 


(Priva) a (Pan ig)? 6) = 


=((PyPi i,)44S1(PyP nn 39)” 6S) (8.4) 


holds true only when P” rearranges the subscripts of numencally equal angular mo- 
menta. If all j, are equal to each other, it follows from (8.4) that 


((PPi* i(1) + s(n)) “aS (P,P 101) a(n) af) = 
= ((Ex in) “af \(P,3(1) in) 61), (8.5) 


where P,= PLPy 1 and E 1s the identity permutation. The above equality means 
that for the case y, =j, = --- the transformation matrix, as a function of the 
coupling sequence, may be written 1n terms of a single permutation. 

From (6.16) and (8.2) we obtain 


(Gn > i)aJ Cie 5d? af) = 


= F(a sn) aM Lita) X 


", eee Hy, 


x (sym satin Sa Jn) OSM). (8.6) 
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Taking (7.8) into account we conclude that 


(Cis dO 11 a) OS) = 


= (1 fie Ind Dy : jn)“aJ), (8.7) 


1,e,, the transformation matnx 1s real if the Clebsch-Gordan coefficients are real, 
Remembering that the transformation matmx 1s independent of M, one can 
write (8.6) as follows 


(Gi stall ar ~ in) Y) = 
=D (Gie- an)4aJM lam, gma) x 


®m, mM 


x (smi Jnty| Cine dn)? OM). (8.8) 


For the particular case A = B and yi =], SR eee =J, 


(Pui) sto)“ari(AD~sem)*'7) = 


we have, according to 
(8.7), 


ss ((ait )~ sny)“a°J\(Pyi1)-~ 5a) “aJ), (8.9) 
Further, using (8.4) we obtain 


((icd~sten)*ar (Pots) st))“J) = 


= ((s0)~n)“0i( PrP Zt KD st))“ad I. (8.10) 


In view of the fact that 
P, Pri =(P,Ps!)-!=P (8.11) 


it follows from (8.10) that the two such matrices given by the premutations P and 
P-! are equal. 

If in the left- and right-hand sides of the matrix there are intermediate angular 
momenta which differ only 1n the order of the subscripts, such as Sivas and Jyoq1 
then the matrix 1s diagonal in these angular momenta, This follows from the fact 
that the two intermediate angular momenta are the eigenvalues of the same operator 
(i+j.+J,+Js)*. The order of indices of these angular momenta 1s therefore 
immaterial, 

We note that upon permutation of two directly coupled angular momenta (these 
may be either the coupled angular momenta y, or the intermediate angular momenta), 
the transformation matrix 1s multiplied by a phase factor, Thus 


( (C112 dialsaid Jn) J ( (149) Just) Js) J) =(— J lat da-D + Catan ti) x 


x (((s Fa) Isa (d241) Ju) J | ( Ciss)J ts) Jas) J) (8.12) 
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Here in the left-hand side of the matrix Jig and Jg,, aswell as j, and ,, have 
been permuted, Upon permutation of the angular momenta J, and Jy there re- 
sults, in accordance with (4.7c), the additional phase factor (— 1Je+Jo—Jes, 


9, Simplification of the transformation matrix 


Let us consider the following transformation matrix 


(= wei i) WN WEA HPO). 04) 


Here on the left-hand side the angular momenta h, ..+, /, are added upto L 
according to the scheme A, B 1s then added to Jy,e0e,J, according to scheme B, 
On the right-hand side we have, instead of the schemes A and B, the schemes A 
and B respectively, This matrix, as follows from the end of the last section, 15 
diagonal in L, We can regard the transformation of a scheme of coupling of the set 
I, --+, dy as a transformation of the e1genfunctions of the operator L*, which 
does not depend on the scheme of coupling of the angular momenta Ly, ... Jy. 
Consequently, in accordance with (3.4), (9.1) can be factorized into 


8(L, L) ((é, os Uy) 4 aL (hy i) 4a L) x 


x (CL iq)? OJ (Las ta)? J). (9.2) 


The first factor corresponds to the transformation of the set of angular momenta 

l, .~..d,, and the second factor to the transformation of the coupling of the resultant 
angular momentum of this set to other angular momenta. If one of these transforma- 
tions 1s the identity, the corresponding matrix element degenerates into a product of 
Kronecker deltas. Ifthe set J, ~ /, 1s transformed identically, 1.e., A =A , then 


(4 mee 1,)* aLj, jn) b] | ((4 a 1,)* a’L), “fal” bJ ) = 


=5(L,L)8 (a, 0")((Li iy OJ \(Lir ibs). 3) 


If the scheme of coupling of the angular momentum L to the angular momenta 
Ji +++ J, 1S transformed identically, 1.e., B = B, then 


((« Lh) a Ly, tn) OJ I((, woe 1,)4a Lj, jn) J) = 


= 8(L,L)5(6,0')((, “aL | (~ h)4aL). (9.4) 


24 


Let us consider, for instance, the matrix 


( (; JeIuata) Jina Je) Jue Coin) | 
( (sisi) Jan Gi idais) Jus) (9.5) 


This matrix produces a transformation which consists of changing the scheme of 


coupling within the set y,,Jg,y3_ and of changing the scheme of coupling of the re- 
sultant angular momentum of this set to the angular momenta 7, j, and jg. On the 
basis of (9.2) the matnx element (9,5) therefore becomes 


& Saas) ((Cisi.Junis aa isiredJon\ Fan) » 


x ((SassdJinsdisiadJee\I| (Jun iid Juvie\Jus |) (2.8) 


We further note that 1f one of the component angular momenta 1s zero, 1t may 
be dropped when writing the transformation matrix. Thus, for jg =0 


(( Guid JeGeidJu)|(GiiadtisGiUe)J) = 


=B( Jair)’ Jpardo ((isiasdJu)J|(Gidduai)/). (9.7) 


This equality follows from (4.9a). 

Let us consider two further cases 1n which the transformation 1s susceptible of 
simplification. In the first case the transformation only removes the one angular mo- 
mentum jg from the set 4, +» ,d,, fg. This matrix may be simplified as follows 


(a. . 1470)" aJoj-- In). bJ|(h.- oe 1)° cL joi . 1n)°40) = 
= (4 ar lado) “aJo | (1. we t,)°cL 30) Jo ) x 


X(((LandJoin «+ dn) 2S |(Lsais- +20? 4). (9.8) 


To be convinced of the validity of this equation one need only write the matrix 1n 


(...|---J=5(--- (I(T) (9.9) 


with the intermediate coupling of the angular momenta 


I] = ((( oe I) e'L'I) Jon: ° In) J, (9.10) 


the following form 
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and use (9,4) and (9.3) for the matrices under the summation sign. The summation 
in (9.9) 1s carried out over the intermediate angular momenta ¢’L’ JT ob’. 
Let us, for instance, consider the matrix 


( (G 133) J, m(CADY ats) J; ws)J 


|(is0Ju 00 Jai Jen)J): (9.11) 


The transformation which 1t produces removes the angular momentum y, from the 
set fo, Jay Jg in the left-hand side and forms the set y,, j, 1n the right side, From 
(9.8), the matrix element (9.11) 1s therefore 


(((ssioJ 34/5) J 345 | (GiesdJ I) J 2s) x 


x (iid Ju (Just) aus) J |( Cin ds) is (Just) Jus)J) (9,12) 


The transformation matrix may also be simplified when 1n its left-hand side 
the angular momenta 5,,...,S, attach themselves to the coupled set of angular 
momenta 4,,...,¢,, while in the nght-hand side, as opposed toit, h,...,/, 
attach themselves to the coupled set 5,.+-+,8,. The simplification has the follow- 


ing form . : A 
(4. Uy Aas. ++5q) 87 | ((sys + 5,)°6S4. «-ty) a) as 
= (es. ; 5) J |(L4y- ae r°eS)J) x 
x ((( ..h)“aLS)J|(Sh.. +4)°4]/). (9 13) 
This equation may be established, lke (9 8), by choosing an intermediate scheme 
of the form A Cu 
T1=(«- 405,00 ,)°'S \J. (9.14) 


Consider, for example, the matrix 


(((iro n) Je) Juni) 


(( (wisi) Als oh) J : (9.15) 


In this matrix the angular momenta jg, y, and 4, are attached to the set y,, jg in 
the left-hand side, and y, and y, are attached to the set J, yg and j, in the 


right-hand side. From (9.13) this matmx 1s therefore 


((( a Fant) Js) (( irate) x 


x (Guns is J: x05 )J | (Cs aasti)J, 12082) J ) . (9.16) 


The formulas obtained for the simplification of the transformation matrices 
considerably facilitate their calculation and are widely used 1n deriving various for- 
mulas which contain the transformation matrix or similar quantities, 


10, Generalized Wigner coefficients and their properties 


Just as the usual Clebsch-Gordan coefficients may be expressed in terms of the 
Wigner coefficients, the generalized Clebsch-Gordan coefficients may be expressed in 
terms of the generalized Wigner coefficients /Levinson 1957b/ 


(sym,. ae a © ee In) O° ‘ +dy-2,JM) = 


= (— 14 Dl a),. a-»)}* x 


ete S\A 
x(— Mk (7s : * (10.1) 


m,- ry 7, —M a, ° Gn 


Here J; is a linear combination of its parameters which depends on the scheme of 
addition A. The last factor in (10.1) 1s the generalized Wigner coefficient Setting 
J = Jat. and replacing m+1 by m, the generalized Wigner coefficient may be re- 


presented as follows 
oe ‘ In iy P 
Mt, - e om, @;: a) (10.2) 


The conditions of nonvanishing of the generalized Wigner coefficients follow 
from the conditions of nonvanishing of the generalized Clebsch~Gordan coefficients 
(7.9). They are 

1, The parameters J), Joy +++sJ, Must constitute a polygon with an integral 
perimeter, 

2 The sum of the lower parameters m, must be zero. 

In the particular case where m,=...=m,=0Q , it follows from (5.8) that the 
parameters jy, must form a polygon with an even perimeter This 1s 1dentical with 
the condition of nonvanishing of the integral of the product of # assoc.ated 
Legendre polynomials /Jucys et al 1955/, aparticularcase of whichisthe condition of 
nonvanishing of the integral of the product of three associated Legendre polynomials 
/Condon and Shortley 1949/. 

In view of the fact that the generalized Clebsch-Gordan coefficients may be 
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expressed 1n terms of the corresponding usual coefficients, the generalized Wigner 
coefficients may be expressed in terms of the usual Wigner coefficients, The form of 
thos expression depends on the scheme of addition A. Thus, for the scheme of add:- 


tion A =((1 +2)+@+4)] we have 
e e e e A 
(% Bats ta J ) ae 
Mh Mz Ms, My —M Sido 
a> (le » js Ju )x 
Mz My, Mm Ms —M, 
x ’ Ja Js ) = Ju J ) (10.3) 
further, 1n the equation which corresponds to (10.1), 
§ Aided IJ) = di Ja Ia the —J. (10 4) 
The permutational symmetries of the generalized Wigner coefficients result 
from the corresponding symmetries of the usual Wigner coefficients (5 4), This means 
that permutation of the columns 1s possible only within individual Wigner coefficients, 


The symmetry property related to change 1m the signs of the projections my, 1s of the 
form A 


& ede ) = 
my). e om, a,°° @,_3 


ar n( freee Sn ): 


Gy °°" Gy 3 (10.5) 


To prove this one must apply (5.5) to the usual Wigner coefficients in the expression 
of the generalized Wigner coefficients in terms of the former, change the signs of the 
projections of all the intermediate angular momenta, and remember that (— 1) be 
= (= 1-1" 

The generalized Wigner coefficients are more symmetrical! than the generalized 
Clebsch-Gordan coefficients, owing to the fact that the entire series of generalized 
Clebsch-Gordan coefficients 1s expressed 1n terms of 2 single generalized Wigner co- 
efficient, Thus, the generalized Clebsch-Gordan coefficients for the schemes of ad- 


dition ((« + 2) +3] 4 ‘) and (1 +2)+(3+ 4) are expressed in terms of the 


same generalized Wigner coefficient 


(simmons 


( (is) Jais) Jie) J) = 


=(—1 eer (c Tis) Juss) W]' x 


x(—1)-™ a Jo Jao J ds ) (10 6) 
ArsAins 
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and 


(sumiamasamarom | (Ciriadt 13(Ja 74) J; 2a) J M ) = 


A 
=(- IPP) Tad] x 


x(~— 1’! fe Js Ia Js J } : 
m, m,m,m,~ M /y,4, ae 


The orthogonality properties (7.7) of the generalized Clebsch-Gordan coeffi- 
cients give us the following orthogonality properties of the generalized Wigner coeffi- 


cients Fe ° ° A 
Ec DEO (inte ie) 
m, My, we Mp ore M, @, *Gn_3 % 
ith 


_ 


° e 
a, ooo | 


= BC jigs yg) in)? + BC, 4) (— 1)! 
a—d 


x [ [ 8(a,, 0%) (2,)-3, (10.8a) 


s=l 


a ae ee in’ 
—m, eee —m, +>. —m,, 


>, (in) (4) vos (Qgng)(— 187 : 


JARRE; 


=: [Ic- 1)" "50m, m,’). (10.8b) 
kk 


If the first equation 1g also summcd over my, putting y,== 7, and my}, = mM, 


(a) bas (a,-3)>(—1)8 . coe Jn : x“ 


mM, eee m,, G, eG 


we obtain 


™, a Fs ee | 
Ji esse In Y. 
x( =, 10.9 
—m, eee mM, att oT ass ( ) 


where the equahties a, = 4, (s ox], 150, M — 3) are assumed. 
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Multiplying (7.10) by the matmx element of the representation, integrating 
over the group and using (2.8), we obtain the formula 


[(m1D, wim)... (mid, Grim) = 


HXed- Gene 


a—3 
«(7 eee In ); : 
a my Jo, --8,_ (10.10) 


which will be required later on (cf. section 13). 
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CHAPTER Ill 


GRAPHICAL METHODS FOR OPERATIONS WITH SUMS OF 
PRODUCTS OF WIGNER COEFFICIENTS 


In the solution of many problems there appear the sums of products of Clebsch- 
Gordan coefficients, It 1s convenient to replace them by the more symmetrical 
Wigner coefficients and work with sums of products of the latter. Like the Clebsch- 
Gordan coefficients, these coefficients represent the vector addition of two angular 
momenta, This suggests the possibility of a graphical representation of expressions 
containing Wigner coefficients. It might seem that the key geometrical figures in 
these graphical representations should be triangles representing the individual Wigner 
coefficients, as vector addition 1s geometrically represented by a triangle. However, 
this representation 1s inconvenient and has found no serious practical application, 

It was found that a convenient representation of the Wigner coefficient 15 a 
point at which three lines corresponding to the three angular momenta converge. 
This 1s a satisfactory starting-point for devising graphical methods of operations with 
complicated expressions containing Wigner coefficients, 

The graphical representation of triads by points was used 1n the works of Ord- 
Smith /1954/ and Edmonds /1957/ for quantities which are independent of the pro- 
yections (1n which the projections have already been summed over), However, it was 
used only for this purpose and not 1n connection with sums of products of Wigner co- 
efficients. In the works of Levinson /1957a, b, c/ a method was devised for re- 
placing all algebraic calculations with Wigner coefficients by more convenient and 
general graphical transformations, This method 1s discussed mn general terms in the 
present chapter. 

We discuss the sums of products of Wigner coefficients mn section 11 and their 
graphical representation in the next section, Section 13 1s devoted to the expansion 
of these sums 1n generalized Wigner coefficients, and section 14 to the transformation 
of sums of products of Wigner coefficients. Finally, section 15 gives rules for the 
evaluation of expressions containing the sums of products of Wigner coefficients over 
angular momentum parameters, 


11. Sums of products of Wigner coefficients (ym-coefficients) 
We shall examune the products of Wigner coefficients which are summed over 


twice-repeated projections, We shall demand that the sum satisfy the following 
conditions 
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a) The twice-repeated index ofsummation m should occur once with the positive 
sign and once with the negative sign, and 1n both cases be the projection of the same 
angular momentum 4, 

b) whenever the projection m of the angular momentum 7 1s to be summed 
over, the summand should contain the multiplying factor (— ])/-*, 

The following 1s an example of a sum which satisfies these requirements 


> ee i yx 


7370s mnmanyh 
x ( J te “)( h oy alt ky, ky ') (11.1) 
— mM, My — AM) \— My Mg MY N—-N Wg KH 

The sums encountered in calculations may always be reduced to the form under 
consideration, Condition (a) may be satisfied by using the rule for the simultaneous 
change of sign of the magnetic quantum numbers 1n the Wigner coefficient, as given 
by (5.5). The phase factor required by (b) may be introduced under the summation 
sign from the equality (— 1)/+™ =(— 1)94-(—1))—™ and by using the fact that the 
sum of the three magnetic quantum numbers must vanish, 

The sums of products of the Wigner coefficients may conveniently be called 
jm-coefficients, as they depend both on the angular momenta jf and on those projec- 
tions which are not summed over. One such quantity 1s the expression (11.1), 
which depends on the angular momenta |, Jj, 1, Ry, Rg (and 1s summed over the 
projections of these), and on the angular momenta j,, jg and their projections 
m,, Mz, which are not summed over. It 1s convenient to write this jm-coefficient 
as follows 

Ji dg 

A @ Ils, ca is ed (11.2) 
The angular momenta whose projections are summed over* may conveniently be 
grouped into sets. Various criteria may be adopted for this grouping. Thus 1n (11.2) 
they are grouped 1n such a way that the first J forms a triad with each of the follow- 
ing two pairs ((!41,) and (1k, k,) respectively), and in the three pairs (/,/,), (Ai 4a), 
(J, jq) the first members and the second memberstaken together, thatis (4, ky j,) and 
(Igky jg), also form triads. However, one cannot write different sums in the same 
form, as they differ essentially from each other. Therefore for each case one must 


choose a distribution of parameters which will allow a compact notation and will re- 
present the triad structures as clearly as possible. Thus 1f we teke the sum 


> (— yh ooh a) x 


—"n, Mm 
My Mghah, 1 i M2 


Is Jag f ls jg € lL, Jg if 
x( a Ja *)( 3 Ja ‘( a Ja *| (11.3) 
— Ng Ms N3/ \— Ny Mg Ng] \ — By Me Ny 


* Henceforth we shall call them "contracted" angular momenta, and those with 
non-summed projections "free" angular momenta—Translator. 
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a clear way of writing 1t would be 


Lkhihk 
Fil vt jg Js Ja fh (11.4) 
m j%m mg mM 
since from this the distribution of angular momenta 1n triads can be easily seen. 
However, for compactness 1t may be wnitten as 


Ji Ja Js me 
Mm, Ms, Ms; mM, 


It would be obvious that the generalized Wigner coefficients are also jm-co- 
efficients. They represent those jm-coefficients which, for a given number of free 
angular momenta, have a minimum number of contracted angular momenta. The 
notatzon for the generalized Wigner coefficients 1s given 1m section 10, 

It should be noted that 1n the particular case where all magnetic quantum num- 
bers are summed over, the resulting expression 1s independent of these. These quan- 
tities are called j-coefficients and are studied 1n the next chapter. 

The form of summation which we have chosen for products of Wigner coeff1- 
cients 1s closely related to the invariance of the expression 


Y- 1" —™) Wm) = 


F(hhbhs (11.5) 


=)? y( Gi J=0, M=0) (11.6) 


This is easily seen by introducing (4.96) into (3.3), Using (4.9b) and (6.5) one can 
easily venfy that 


Zoeimocamrycama(n fm) = 


=(-1)" "9 (GiieidJ = 0, M = 0), (11.7) 


1.e., 1s also invanant. Equation (11.6) shows that when the Wigner coefficients are 
contracted the role of the Kronecker delta 1s taken over by the quantity 


8,(—m, m’)=(—1)/-"8(m, m’). (11.8) 


This 1s also clear from the following 
kl pF RL 
2 (— 1" ? ) ( / ’ ‘ = 
mdr —mgqn 


"a "(= yw (’ : ') x 


man 


joev . 
«(iy 4 exer m') os 
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and 
> Te uff => r™ us 8. (11.10) 
) ay” 
From (11.7) 1t may be seen that the Wigner coefficient 1s the analogue of the fully 
antisymmetric tensor €,,,, with which one forms the scalar tiple product of three 
vectors, For the sake of generality 1t 1s convement to consider sums Containing, 1n 
addition to Wigner coefficients, the quantities 


: Js a Ja »)= 
m, m,/ \m, m, 0 


8G, J hom (11.11) 
and =(7;) BGs 3g) C— 10 8 Cy, — my) 
, 00 
(n= (2, 0 5) 28 Ue 0) 3(m,, 0), (11.12) 


as well as the delta 5,( —m, m’), although these sums can be simplified 2n an ele- 
mentary manner owing to the presence of the Kronecker deltas 1m (11.8), (11.11) 
and (11.12). 

It will be useful to remember that 


o J2 )=(- pth? jr ) (11.13) 
m, Mm, M, m 


analogous to (5,4). We note that the triangular delta may also be regarded as a 
j-coefficient, as from (5.6a) 1t follows that 


{ jh Ja Js } a 2 (— [pir mthemmt hmm x 
x ot Ja *). (11.14) 
eed - ae m m, Ms, 


12. Graphical representation of jm-coefficients 


When dealing with the sums of products of Wigner coefficients 1t 1s convenient 
to make use of diagrammatic representations, The elements of these diagrams should 


jm 


Figure 12.1 Figure 12,2 Figure 12.3 
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be diagrams of Wigner coefficients, The Wigner coefficient c sa? ) is re- 

id le 
presented by an oriented node which links three directed lines, These lines (Figure 
12.1) correspond to Jy, Jg and J, and their free ends to the projections my, Mg 
and mg. By the orientation of the node 1s meant the cyclic order of the lines J), fg, 
Js. which 2s shown 1n the diagram by circular arrows. The direction of the line jf; 
indicates the sign of the magnetic quantum number m, in the Wigner coefficient, 
A line directed away from the node corresponds to the positive sign of the magnetic 
quantum number, and a line directed towards the node to the negative sign, Thus 
Sy J 
mm —Ms 
of Figure 12.2, Apart from rare exceptions, the magnetic quantum number will not 
be indicated in the diagrams, We shall adopt the convention that the projections of 
the angular momenta j, J, k and @ will be respectively m, n, g and p, with 
corresponding indices. 


Ig 
the Wigner coefficient — ms, ) may be represented by the diagram 


Jy 
m, * ) and (’: ) may be represented analogously, Their 


diagrams are shown 1n Figures 12 3 and 12.4 respectively, In Figure 12,3 the circular 
arrow indicates the order of succession of the angular 
momenta 7, and j,, The signs of m, and mg, are 
indicated in the same way as above, 


* Je 
The quantities 


Figure 12 5 shows the diagrammatic representation 
of 8,(—m, m’). This diagram 1s the directed line of 
the angular momentum J, the ends of which correspond 
to the projections m and m', The signs of m and m' 
in , are agai indicated as above. The direction of 
the line j may be changed, which corresponds to the 
symmetry of 6 in m and m’. 

In practice one rarely encounters the representations 


jy Ja Ji 
of the quantities ( and . It 1s therefore more convenient to denote the 
m, Ms m, 
orientation of the node representing the Wigner coefficient by a sign. A clockwise 
orientation is denoted by a — sign and a counter-clockwise orientation by a + sign 


(Figure 12.6). 


Figure 12.4 Figure 12.5 


Figure 12.6 
. Rotation of the diagram does not change the cyclic order of the hnes. Owing 


to the symmetry (5.4) a Wigner coefficient remains unchanged by a cyclic permuta- 
tion of the columns, Therefore a rotated diagram represents the same Wigner 
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coefficient as the initial diagram. The angles between the lines as well as thear 
lengths have no significance, Consequently, geometrical deformationsofa diagram 
which preserve the onentation of the node do not change the Wigner coefficient re- 
presented by the diagram. Deformations which change the cychce order ofthe lnes 
around the node imply a change 1n the onentation of the node. In accordance with 
(S.4), the Wigner coefficient represented by such a deformed diagram will differ 
from that represented by the onginal diagram by the factor (—1pthth, In many 
cases such a change 21n the orientation of the node may be compensated by a change 
in the sign of the node, as changing the sign amounts to the same thing as changing 
the orientation, 

Summation over a magnetic quantum number #™ 1s graphically represented by 
joiming the free ends of the corresponding lines*, As an example, let us consider 


kg tn 


Figure 12.7 Figure 12.8 


the sum 1n the left-hand side of (11.9). Figure 12.7 shows the diagrams of the Wigner 
coefficients which appear in the sum. Joining the free ends which correspond to the 
magnetic quantum number m™ we obtain the diagram shown 1n Figure 12,8. This 
diagram represents the sum under consideration. Let us now consider the sum in the 
right-hand side of (11.9). In this case we have to represent the two Wigner coeff1- 
cients and the delta, and join the free ends m, m and m’, m’ (Figure 12.9), The 
diagram thus obtained 1s 1dentical with Figure 12.8. 

The diagrams A and F similarly obtained for (11.1) and (11.3) are shown 1n 
Figures 12.10 and 12,11 respectively. 


* The remainder of the book leans heavily on the diagrammatic representations, 
For a description of the diagrams and of operations with them we introduce the 
following systematic nomenclature 

1, A line with a free end will be called a "free" line. 

2. A diagram which contains free lines will be called an “open diagram", 

. diagram which contains no free lines will be called a "closed" diagram, 

3. If two open diagrams are such that each contains a free line referring to 
the same angular momentum j,, these two free lines will be called 
"corresponding" free lines. 

4 Joining the free ends of two lines referring to the same angular momentum 
will be called "contracting" the lines. Two lines may be contracted only 
when they are srmilarly directed. This can always be arranged, as it 
involves only a change 1n the phase factor s 

5 Contracting all pairs of corresponding free lines 1n two open diagrams will 
be called "contracting" the two diagrams, 

Translator. 
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+ + 
ln Figure 12.9 kg 


Figure 12,10 


Thus, any sum of products of Wigner coefficients, as well as the quantities 
(11.1), (11.12) and the deltas, can be represented by diagrams consisting of orrented 
nodes and the directed lines which join them, One, two or three lines may issue 

from each node, In certain cases the diagram 
F may not contain any node. Thus the diagram 
in Figure 12,12 represents the j-coefficient 


D3 (—m,m) (—Iy-m=G). (121) 


If the sum contains only Wigner coefficients, 
three lines must issue from each node 1n the dia- 
gram. 


: Once again, a deformation of the diagram 
J which does not change the orientations of the 
I, ‘ nodes and lines does not affect the jm-coeffi- 
Figure 12,11 cient represented by the diagram. A change in 
the orientation of a node which joins the lines 
Jie Jqo Jg WIL multiply the jm-coefficient by (—1)nthth, Similarly, a change 
in the cyclic order of the lines j, and j, which join at a node multiplies the 
jm-coefficient by (—1)Ats: (from (11.13)). A change in 
the direction of the line ¥ means the replacement of m by 
—m, Whenever two nodes are joined by the line fj, ™ 15s 
} an index of summation and a change In its sign multiphes 
the jm-coefficient by (— 1)”, 
Diagrams representing the generalized Wigner coeff1- 
cients can be constructed only when the scheme of addition 
Figure 12.12 1s explicitly given. Figure 12.13 shows the generalized 
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Wigner coefficient for the scheme of 


addition ((a + 2) + 3) +4) and 


Figure 12.4 the same for the scheme 
(ci +2) + (3+ 4)). Comparing 


these diagrams we see that these ge- 


neralized Wigner coefficients are essen- 
J 123 J tially similar, Therefore the genera- 
lized Clebsch-Gordan coefficients for the 
schemes of addition (10.6) and (10.7) 
Figure 12,13 are expressed in terms of the same 
generalized Wigner coefficient, 

For any scheme of addition what- 
soever, the diagrams of the generalized 
Wigner coefficients do not contain 
closed figures, This follows from the 
fact that the corresponding sums con- 
tain the mimmum number of contracted 
angular momenta, It 1s convenient to 
give a branching form to the generalized 
Wigner coefficients, as 1s done 1n 
Figures 12 13 and 12,14. Obviously, 
any diagram which does not contain 
closed figures and which 1s represented 
in branching form may be related to 


some generalized Wigner coefficient. 
In many cases the structure of a 
part of the diagram and not of the whole 1s of importance. In these cases the re- 


Figure 12,14 


maining parts of the diagram may be regarded as arbitrary and replaced by one or 
several blocks, Thus, if we wish to separate the line y which joins two nodes in a 
diagram, we may do so by means of the block diagram W in Figure 12.15. The 
block @ replaces all other lines in the diagram together with the scheme of joimng 


Figure 12 15 Figure 12,16 
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these lines to the lines y,, 4g, 9, and jz. The lines in the block @ may include free 
lines as well as those which join two nodes, If the block consists only of lines of the 
second kind it 1s referred to as 'closed', In general the block will be ‘open'. The 
block diagram in Figure 12,16 indicates that the diagram F contains in all four free 
lanes j,,Jg,J,, amd jg, | The remaimng lines each jon two nodes and the set of 
these lines 1s replaced by the closed block @ (the bar above indicates a closed block), 
The blocks are usually separated when they are not important for further transforma- 
tions with diagrams or jm-coefficients, We shall therefore denote them by sub- 
scriptsin the ym-coefficients, Thusthe ym-coefficients corresponding to the dia- 
grams W and F may be wnitten as follows 


WCides Jide3 J) (12.2) 
and 
F:(’ Ja Js ). (12.3) 


A block diagram may also contain several blocks. 

When constructing the diagram for a ym-coefficient one chooses the simplest 
and most explicit form, since every change (deformation) of a dia- 
gram which does not change the orientations of 1ts nodes and the 
directions of its lines will not affect the ym-coefficient repre- 

; sented by the diagram. 
}1 js 


+ 


We note that diagrams containing nodes with two lines can 
easily be simplified. Comparing the diagrams (12.3) and (12,5) 
with the corresponding quantities (11,11) and (11.8) we see that 
if a lane y, issues from a node and a line y, converges to it, 
and if the onentation of the node is from the former to the latter, 


Figure 12.17 


=i 
then the node may be dropped. This gives the factor 8(J;, 7s) G2) *. Ifa para- 
meter f 1S zero, the corresponding line 1s simply erased. 
The tmangular delta, as may be seen from (11.14), 1s represented by the dia- 
gram of Figure 12.17, 


13, Expansion of jm-coefficients in generahzed Wigner coefficients 


Ifa sm-coefficient 1s not a generalized Wigner coefficient (1,e., 1f the num- 
ber of contracted angular momenta 1s not mimmal), 1t may then be expanded in 
generalized Wigner coefficients, 

Let us consider an arbitrary jm-coefficient, the diagram of which contains the 
free lines jf}, Jg,+++,J, to which correspond the projections Mm, IMg,...,m,. All 
the remaining lines jj, /g,...,/, joim nodes, We shall replace the set of these by 
the closed block @ and denote the jm-coefficient under consideration by 
F- (’: ures ) Let us now express F as the sum of products of Wigner coefficients 


mM, eo¢ee m,, 
and substitute an equivalent expression for each of the latter in accordance with (5.10), 


The matnx elements of the representations corresponding to the angular momenta /, 
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can be left out. To prove this, consider an angular momentum which appears twice, 
once with the projection m and once with the projection —#. The part of the sum 
which contains this parameter 1s therefore 


XE a OO | GON) 


where the dots indicate other parameters which are of no mterest for the present, 
After introducing (5.10) we will have, instead of (13.1), the expression 


Eo) oe) 


x(n" D, (g) | n) (n" | D,(e)| a n). (13.2) 


The summation over ® 1s carried out with the aid of the unitarity relation (2.5a) of 
8 
the matnx D,, the resulting expression 1s 


Ee) ae) meric 


n’n’’ 
This sum 1s identical with (13.1), thus proving the assertion. Therefore, after intro- 
ducing (5.10) one may retain only the matrix elements of those representations which 
correspond to the parameters j,, 1.€., 


P,(” a )= 
My.» .M, 
Ii cody ? 
= De (a 4) (mi Dim) x 
Mis My 


x (mi | Dj, (g) | my) (13.4) 


Let us first consider the general case » 23. In this case we integrate the above 
equation over the group, using (10.10). We then obtain the required expansion of the 
jm~coefficient in generalized Wigner coefficients 


Fe (" toety = 
mM, coe M 


= > (a,). : +(4,—3) Rx (4; cee Gyo35 h ooeSy) X 


Goa is 
Jy ooosS, \4 
(1 Jn ) ; 
My e+e My] Hons (13.5) 


where the expansion coefficient 1s 
Rz(a, a G,—35 di Py oe P) —",) 


} ose } eee } A 
= > F: (" Jn )(' In ) . (13.6) 
My oo m,, IN, woe m,, @,°°° 2 


My, eee m,, Rw 3 


40 


In order to reduce the summation over the magnetic quantum numbers 1n this ex- 
pression to the adopted standard form, one must make use of (10.5) and of the vanish- 
ing of the sum of all the projections in the generalized Wigner coefficient. We then 
have 


R;(a,. e -An-33 Ji eee IJ= 


= > (— Jem oo +)e—m, x 


2 ‘ ‘ - V4 
My, «oe M,, ~My oo M/s 9, 

From here it 1s seen that R isa s-coefficient, the diagram of which may be obtained 
by contracting the diagram F and the diagram of the generalized Wigner coefficient, 
retaining for the contracted lines their directions in F, We note that the form of the 
coefficient R therefore depends on the generalized Wigner coefficient 1n which the 
expansion 1s carried out. It follows from the expansion (13,5) that a jm-coefficient 
will not vanish only when the free angular momenta satisfy the polygon conditions 
and when the sum of their projections 1s zero. Otherwise, the generalized Wigner co- 
efficient appearing 1n the nght-hand szrde of (13.5) will vamish. 

It should be noted that for n = 3 the summation 1n (13,5) 1s trivial. In this 


case we have 
F; (*: Ja J2 )oR Uriess) (’ J3 Ja ) (13.8) 
Mm, Me My, mM, Ma, mM, 


where 


x UiJeJa) = > (— rrmtho-mti—m x 


$78, fief? 
i ted Jo J: 
«F; (" Is pt nh Je Js ) rare 
M, M, My] \—m, —M, —M, 


The diagram of the coefficient R 1s obtained simply by joining the free lines in 
diagram F ata single node. The omentation of this node should be identical with 
that of the node which represents the Wigner coefficient chosen 1n (13.8). 

For n= 2 the generalized Wigner coefficient, both in (13.5) and in (13.6), be- 
comes the particular case (5.7) of the usual Wigner coefficient, so that the two para- 
meters j, and y, must form a "polygon", Asa result we obtain 


Fs i J3 ) = Reid (i: Je ) = 
m, Me my, Me 
= 8 (4s, yg) Gi) (— 1) 8 (om, — m,) Ra). (13.10) 


The diagram of the js-coefficient Rg Use) 1s obtained simply by joining the two 
free lines in diagram F at one node. The diagram of the j-coefficient Rz VU) 1s 
obtained by joining the lines jy, and j, 1n diagram F to form a single line with the 
direction of J). 
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For m= 1 we have 


=8(j,, 0) 3(m,, 0) Fs (3) (13.11) 


The diagram of R3 (j,) 1s obtained by adding a node to the free end of the hne j, 
in diagram Fg. 


14, Transformation of jm-coefficients 


The formula for the expansion of jm-coefficients in generalized Wigner co- 
efficients which was established in the preceding section allows one to obtain a very 
general method of expressing jm-coefficients in terms of coefficients with a smaller 
number of parameters, this method makes possible a clear graphical interpretation. 
We shall say that the diagram G 1s "separable" on # lines h, Jp, ..., J, when, 
if these lines are "cut", the diagram G breaks up into two diagrams A and B, one 
of which, say B, contains all the free lines 1n diagram G. Further, 1n nontnvial 
cases, diagrams A and B will contain 
more than one node, Thus diagram G in 

_ Figure 14.1 1s separable on the four lines 
Li, dg, fy, 4, the four lines J, 53, 59, Ug, 
and the two lines $3, Sq | However, it will 
not be separable on the four lines k,, kz, 
~, $, as both parts then formed will con- 
tain free lines from diagram G (the upper 
part the line jg, and the lower part the line 
Je). Ifthe diagram G 1s a diagram of a 
j-coefficient, 1.e,, does not contain free 


lines, the condition of separability reduces 
Figure 14 1 to the decomposition of the diagram after 
separation into two parts, 
In the general case the jm-coefficient G, which is separable on the lines 
Lb, «+9 4,, may be written as the following algebraic expansion, 


Gig lh ve L)= > (— J yi-mt ee the" a 


’ n 


ee | Lee A 
x Az ( ; ") By ( "). (14,1) 
My. My —M, 2+, 
We have initially omented the line J, in the direction A to B. The block @ 1s 


closed, as the only free lines in diagram A are the lines J,, ..., dy. 
Let us apply formula (13.5) to the jm-coefficient A in (14.1). We obtain the 
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following equation 


Gag lh. +4) = D, (41). «(@q-3) Rg (ay +++ Gy-33 Ge od) X 
a,°*° Gnu3 

x Cy (a1. se@ecgglys'sst_); (14,2) 

where the j-coefficient 


R;z (a. -@,-33 f...1,) = >: (— 1b Hate 


| ree | | i 1 \A 
xAz(? ")( lee: n 
. - e KR, —— fy. oe eke eee Cn (14.3) 


and the jm-coefficient 


Cy (a,. ‘ -@,-3) lL. oe l,) = > (~ Lyi~™* eee th,—n,, x 


, B, ore ny (! a aia 
—WRye oe “Nh, Myo « Ry/ aera, 

Thus, formula (14.2) expresses the ym-coefficient G, which 1s separable on n lines, 

in the form of an ("-3)—fold sum of the product of the j-coefficient R and the 

jm -coefficient C, each of which contains fewer parameters than the initial gm-co- 

efficrent G. From (14.3) and (14.4) 1t 1s seen that diagrams R and C are obtained 

by contracting the respective separated diagrams with the diagram of the chosen ge- 

neralized Wigner coefficient, By changing the diagram of this coefficient one may 

choose the most suitable form for the coefficients R and C, 

The ym-coefficient G, which 1s separable on a lines 4, 4,...,4,, tends to 
zero 1f the parameters J, Jy, ..., J, do not satisfy the polygon condition, Clearly, 
when this condition 2s not satisfied the generalized Wigner coefficients 1n (14.3) and 
(14.4) vanish, and therefore R and C vanish, together with G. 

Formula (14,2) 1s particularly important for *=3, as in this case there 1s no 
summation over @, 

Gig (talals) = Ra Ch 4g) Cy (lb), (14.5) 


where the j-coefficient 


Rall hh) = Yo (= lyimthomtion x 


MMe 


XAz (‘ i, i A i, *), (14.6) 
My My Myf \— My “Ng ~My 


and the jm-coefficient 
Cy (J, lg ls) = > (—1] yirmth~ tetl—n, x 


Mela 


1 1 i LL kl 
xB, ( 1 3 | i 3 >). (14.7) 
~My —Ng ~My] \Ny Ny Ms 
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Formula (14.5) shows that a jm-coefficient which 1s separable on three lines decom- 
poses into the product of a 7-coefficient and a jm-coefficient, each of which has a 
smaller number of parameters, To obtain the diagrams of these coefficients one 
must, 1n each part, join the three free lines obtained upon separation at a single node, 
with the same onentation in the two parts, 
A unique case arises for #=2, The diagram of the coefficient H, which is 
H separable on two lines (/, and 4), 1s repre- 
sented in Figure 14,2 In this case the jm- 
coefficient H reduces to the product of the 
j-coefficient R and the sm-coefficient C, 
Their diagrams are obtained by cutting the 
lines J, and /, in diagram H and joing the 
free lines of each part at one node, As both 
diagrams contain a node with two lines, they 
may be simplified, and we obtain 


1 res | 
Hag (4) = (—1) (41)7 8 (4, A) x 
r x Ag(h) B, (4). (14.8) 
' A particular case of this formula 1s the 
rule of simplification of the diagrams of 
Figure 14.2 jm-coefficients 1n which two nodes are joined 


by two lines (Figure 14.3). We first change the 
direction of the line /, and make use of (14.8), Diagram B then reduces to the 


F ® 


-) 


Figure 14.3 


diagram of a tmangular delta (Figure 12,17). Thus we have 
| fe =8(/, ls) (4,)-? { I, ky k, } Pq. (14.9) 


If the diagram 1s separable on the s:ngle line /, (Figure 14.2, in which the line 4 
1s missing), we obtain analogously 


ag (4) =8 (4, 0) Az (0) B, (0) (14,10) 


) 


Let us use the formula obtained to simplify the diagram in which a hne issues and 
ends on the same node (Figure 14.4), Separating the diagram F on /, erasing ! 
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Figure 14.4 


in both parts and dropping the nodes with two lines [see end of section 12], we obtain 


, -3 2 
F, = 8(1, 0) (41, 72) Gi) (A) 


Pz, (14,11) 

where Pg denotes the sm-coefficient represented in Figure 14.4. 

As we have seen, all cases of diagrams separable on 2 <3 lines enable the 
jm -coefficients to be simplified, by expressing them 1n terms of products of s:mpler 
coefficients. For m= 2 and 1 one of these coefficients becomes a delta, as we have 
seen 1n the particular cases, 

To conclude the present section, we give the rule for the simplification of 
diagrams of ym-coefficients for the case where the value of one of the contracted 


WwW U 


= hs 


g 
o+ js 


Ji 


Figure 14.5 


angular momenta is zero. Let us consider the sm-coefficient Wo Je; Iie 3 d) 
(diagram in Figure 14.5). If 7=0 the line 7 1s dropped, as indicated 1n section 12, 
Two nodes, each with two lanes, are then obtained, Dropping these nodes we find 


W.Uisa3 11933 9) = 
=i) Gi)” 8 de) 801 J) Ug Ai) (14,12) 


One can see from diagram 14.5 how diagram U 1s obtained from the imtial 
diagram W, 
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15. Summation of jm-coefficients 


In calculations with sm-coefficients one 1s often required to sum the products 
of these coefficients over the parameters jy. In this section we shall indicate how 
this summation may be carned out graphically with the help of diagrams. We shall 
state the problem as follows given the diagrams of the coefficients which are sum- 
med over, we wish to find the diagram of the coefficient which 1s the given sum 

The diagram of the sum may be found from two rules which admit of simple 
graphical interpretation. The first 1s the "summation rule" of the ym-coefficient 
over the parameters j. Consider the diagram C in Figure 15.1. The corresponding 


C B 


> 


h; 


Figure 15.1 


jm-coefficient may be written as follows 
Ca(nitis Je J23 2) = 


= > (— | yeritiemantiimm +fj—-mita—p x 


778, 74g ITE PMA I 
e oy y) e oy a 7 Je a 
x A," A Je wef h jy )(°s J ) fia 
m, my, —Mg —Ms/\—m,— Mm, — P/ \My mp 


For joj, and jo= jy the jm-coefficient C may be summed over @ with the aid 
of (5.6b) 
2 (6) Calis fiJi, 0) Ba lis, (15.2) 


Ba GiJb ak > (— aac, (" ji jy Ii ) (15.3) 


g ‘ 
my mm, —m, —M, 


where 


at 
The diagram of the jm-coefficient B 1s given m Figure 15.1. By compamng dia- 
grams C and B onecan formulate a convement graphical rule for the summation of 
jm-coefficients over angular momentum quantum numbers, Let the nodes at the 
ends of the line representing the summation parameter 3 Join corresponding lines and 
have the same orientation, and let one node join converging lines and the other di- 
verging lines, To find the diagram of the sum one must cut the lines adjacent to 
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the line j, drop the part of the diagram containing 7 and contract corresponding 
lines 1n the remaining part. 

The second rule 1s the "rule of multiplication" of a jm-coefficient and a 
j-coefficient, Let us consider the product of the jm-coefficient Cg (l,/g/3) and the 
j-coefficient Rg (lib) the diagrams of which (Figure 15,2) contajn identically 


Figure 15,2 


onented nodes joimng the lines 4), l,, ls, From (14.5) the product of these coeffi- 
cients may be represented by a single jm-coefficient Ci, (J, /, ly}. The diagram of 
this jm-coefficient may be obtained by erasing identical nodes from diagrams CG 
and R, followed by contraction of the two diagrams, 

With these two rules summations may be carned out graphically 1n all cases. 
However, so as to avoid repeated application of the multiplication rule, it 1s more 
practical to derive a general rule for the summation of the products of coefficients 
over single angular momentum parameters, 

Consider the sum of the products of the jm-coefficients C,, and the j-coeffi- 
cients Wa, (¢1, 2,..., R—1): 

A=} (0) Ca, Cists dajas a) Wa, Cig 425 43435 2). + 
c 


00+ Wa, (igIa3 SiJas @)- (15.4) 
The diagrams of Ca, and Wa, are given in Fignre 15.3. It 1s obvious that this repre- 
sentation of the diagrams 1s equivalent to the representation in Figure 15.1. The dia- 
grams Ca, and Wg, have identical and identically omented nodes joining the lines 
Ja, Jg, @. In accordance with the "multiplication rule", the product Gg,» Wa, may 
be expressed in the form of the ym-coefficient Cg,a,. The diagram of this ym-co- 
efficient 1s given in Figure 15.4, One sees from this figure that the sm-coefficient 
Cy,a, may be represented in the form Cg, (y1 913 Jg/33 @), where the block a 1s 
obtained by joining the lines jf, and J nthe blocks @ and @,. Continuing this 
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Q Figure 15.3 a 


process, we can write the product under the summation signin (15.4) as Ca... ae 
(131313132). The summation of this ym-coefficient over @ may be cared out by 
the "summation rule" (15.2), The diagram of the sum A will be of the form shown 


Figure 15.4 


wn Figure 15.5. The rule for obtaining this diagram may be formulated as follows. 
Cut the lines adjacent to the lines @ 1n the individual diagrams, drop the parts con- 
taining the lines @ and contract corresponding lines in the remaining parts, Further, 


|, A 


. I 


e 


J 


Figure 15.5 


the lines and nodes adjacent to the lines @ must be onented correspondingly, 

These rules of summation make it possible to sum any expression over angular 
momentum parameters. Concrete cases of such summations will be discussed later 
on (see Chapter VI), 
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Chapter IV 


j-COEFFICIENTS AND THEIR PROPERTIES 


In the mathematical apparatus of the theory of angular momentum an impor- 
tant part 1s played by products of Wigner coefficients which are summed over all 
magnetic quantum numbers, As noted in the preceding chapter, these quantities are 
called j-coefficients. In the sense of (11.6), they are invariant under rotation of 
the coordinate system. As we saw in section 13, they are used to express the coeffi- 
cients of expansion of an arbitrary sum of products of Wigner coefficients 1n terms of 
generalized Wigner coefficients. 

It 1s easily seen that the diagram of a 4-coefficient, which does not have free 
lines, contains 2” nodes and 3” lines (w= 1,2,3,...). The j-coefficient thus con- 
tains 3m parameters, The number of different j-coefficients with a given number 
of parameters 3” 1s determined by the number of different diagrams with 2m nodes. 
Further, only those diagrams which are separable on no less than four lines are sigm- 
ficant, as from section 14 the y-coefficients represented by the other diagrams re - 
duce to products of simpler j-coefficients, For given m all sigmficant diagrams may 
be constructed either directly /Gutman and Budmte 1959/ or by recurrence from 
diagrams for #- 1 /Levinson and Chiplis 1958/. 

For 2 = 1 we have the trivial j-coefficient, the triangular delta, For m= 2 
there 1s one ,-coefficient, it 1s the srmplest nontrivial y-coefficient, and 1s de- 
scribed 1n section 16. The number of essentially different ,-coefficients for n= 3, 
4,5 and 6 1s 1,2,5 and 18 respectively. 

By separating the diagram of an arbitrary ;-coefficient, one can represent it 
in the form of a (generally) multiple sum of 6j-coefficients. From the diagrams it 
is easily seen that single sums of this type (section 17) can only be of two kinds. 
Consequently, 4-coefficients can be expressed in the form of single sums only for 
n= 3 and 4 (sections 18 and 19), When j-coefficients with more than twelve para- 
meters are considered, multiple sums make their appearance (section 20 and appen- 
dices 3 and 4). 


16 The 6) -coefficient and its properties 


The 6j-coefficrent, frequently called the Racah coefficient, 1s a product of 
four Wigner coefficients summed over all the magnetic quantum numbers (the form 
given below was obtained by Wigner /1937/, the W-coefficient examined by Racah 
/1942/ differs from the following by a phase factor (see appendix 1))- 
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Jisejs nomtnemtia—mth—mth—-mth—n, 
0 Xen, . 


x( Je Ja )( ni 's i) ls Js ) . 
mM, mM, — M3] \ — Mm, Nyy] \Ny — Ny My 


j 
x( 1 J ), (16.1) 


The graphical representation of this coefficient 1s easily obtained from the 
rules derved in section 12, It 1s given in Figure 16.1. 


. Figure 16,1. 


Racah /1942/ reduced the expression (16.1) for the 6y-coefficient to a single 
sum and obtained the following formula: 


JiJoJ si 2g 38 2 : : 

A I I ba (— aye Gi A (s/t) A (hints) A (4, gis) x 
_1\" GQitstht+é +1—2)! 

xD, ( !) £V +g Ja — 2)" (hy dp — Ig — 2)! + lg — ly — 2)! “ 


” hy Ig — ly — 2)" Cg tly — ay — hy + 3)' Ua +13 —J2— hg +2)!” (16.2) 


Here A 1s the triangle coefficient defined by (4.5) and 2 runs over all integral 
values which do not lead to negative arguments 1n the factornals, The sum (16.2) 
may be rewritten 1n the symmetrical and easily memorized form 


oe =A (ryjats) A G14 4S) A (rig ls) A (A Feds) x 
12 "3 


Z (z+ 1)! 
* 2( —1) (3—J, Je Jg)! (2 —Jy Lgl)! (2 — gly) (21, ml — Jy)! x 


fo do dl dluewlllc de.43.t)aoell(;. 43.4747 —>5)!° 16.2 
XG tnth +h—aly, ++ +4—8)'U,4+i,+h+h—2)! ( a) 


Like the Clebsch-Gordan coefficient, the 6f -coefficient may be expressed 1n terms 
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of the hypergeometric function /Rose 1957/ 


78 bm Buren) AU) A ind) (Aga — DAH 


hl, ls 
x antisththt i)! . 
Cig lg "Ca Hg a am a) +g ta)" Oa $B) FH H)IG, +443)! 


XaF s(t —Ig tis —A A tig Am kt mh mith, 
—~Si —jpz—-h—-k— 1,y5 +4, —fA—-4At+ l, 
Js +!3 —Jg —4, +1; 1). (16.3) 


The triad structure of the 6) -coefficient 1s quite evident from the definition 
(16.1) and particularly from the diagram 1n Figure 16,1. The parameters form four 
triads which are the arguments of the four triangle coefficients 1n (16.2) and (16.3). 

The symmetry properties of the 67 -coefficient are as follows 


yh J2 Js Je IoJe Ja 1, l. 
f ly ett l, tie, ja b,c=1,2,3) (16.4) 


(16.4) gives the 24 symmetry properties found by Racah /1942/ and Wigner /1937/ 
These properties are easily found from expression (16.2) or with the aid of the diagram 
in Figure 16.1. To illustrate the symmetries, consider, for example, 


(‘3 Ja re {'* Iida . 
ALLS Ahh 
Evidently, this permutation changes nothing in (16.2), and 1n the diagram in 
Figure 16.1 1t corresponds to a rotation of the figure about the line yg through 180°, 
with a subsequent change in signs of all the nodes and change in the directions of the 
lines 4, 4 and ds. It 1s easily seen that these changes give the phase factor +1. 
To obtain certain other properties 1n (16.4) from (16.2) one must replace the summa- 
tion parameter 8 by 8+ (combination of the parameters). To obtain them from the 
graphical representation 1n Figure 16.1 1t 1s necessary to re-draw the figure in such 
a way that y, and & become the sides of a quadrilateral, This 1s done by redistri- 
buting the nodes on the closed line (the so-called Hamilton line), A more elegant 
method of obtaining the 24 symmetry properties (16.4) would be to give the diagram 
of the 6) -coefficient the form of a tetrahedron, the symmetry group of which will 
then give these properties /Edmonds 1957/. 

The sum (16,2) can be simplified when one of the parameters 1s zero, or when 
the sum of two parameters 1n some triad 1s equal to the third parameter of this tmad 
(an both cases the tnangle of the parameters stretches into a line), In the first case 


we have : 
IiJeJs 7 
(iio }~ 
= (= 1 9} B (in) Un A) UDG (16.5) 


S1 


In the second case 
ee =(~— pyrtathti, $2 
4A |G 


x [PA (2). )'Gitethth+UiGityth—AilOothr—-hti)! x 
(29, yet 1) ly mI — Ig)! Oi + Ag mls) "Cy, — by + fg)! 
iL 


(2, + 1g ~ Jo)! lp + ly Js)! }’ 
(nth th+ IG. +h—E Gh +4) Gt tQer f° (16.6) 


These formulas simplify the calculation of certain 67 -coefficients. 
The 63 -coefficient satisfies certain recurrence relations /Biederharn 1953/ 
which are obtained from (24.9) by assigning particular values to certain parameters, 


We shall quote these relations. To increase a parameter by - /Obi et al, 1953, 
Edmonds 1957/ 


Vent” (Gi +4a tha + 1) (hi +42 +45) X 


Lh 
i 
* (4 +h +934 ICA +42 — 4)) °x 


a 
£ 
x | -2 [ +jet lst I(Aats, — »)| x 


yi dem 5 J3 — 5 
x + {U1 +43 —Jat+ 1) Iq +Js)X 


1J2 gal 
x (h+ hist Dis th—A)) ae ba ly } (16.7) 


to increase a parameter by 1 


pin = [Ui — 1)? Ga tdg 33 + 1) U1 ~I2 +8) X 
X (9, +g —Is) (Si tia tist+ Dn thto44+ 0x 


-4 
x(a hthith—b)(—Athteth] °x 
= (2, — (2 [242+ Dah) i+ DAG + D- 
—ni~ 4+] — [Get DAG + D—-AG— D]x 


«[2atD+4h+0-n0-D)): ‘eer 


—); (@ + fetss) 1 —Je+J3 — Ui +J3 Ja — 1) X 


o2 


X( Ate tist2Uith+h)Ui,+4—-b—1)x 


X(a-hth—-I(-Ath+h+2) x 


eer 
L haj V (16.8) 


The 67 -coefficient also possessses the following property /Regge 1959/ 


ares, _ 
i, i, , 7 
h slathta—b) Sathta~&) 
(16.9) 


= 


h sUathth—-s) gUsth+4—-H) 


This relation enables us to replace one value of a parameter by another, whereas 
from (16.4) one can only change their position. (16.9) 1s therefore more of a func- 
tional relation than symmetry as 1s usually understood, as by symmetry 1s meant per- 
mutation of the arguments. For the case 1n which two columns in the 67 -coefficient 
are such that the sum of three parameters equals the fourth, this coefficient may be 
brought to the form (16.5) by using (16.9). Thus 


5 J 5 5 
73a 799 

3 = 3 e 
231 2. 2 


Let us list the available tables of 6j-coefficients, The tables of Simon et al. 
/1954/ (see appendix 1) give approximate values of W(JiJ¢ J AisJg 4g) for 


; 1\9 
jv h=0(3)3 
: | 
f=0(5)3 
. 1 \ 15 
Jui = 0/ a z 
lg =0(1)8 
to nine places of decimals calculated with the aid of electromic computers. The 


tables of Obi et al, give exact values of W 1n the form of fractions for all integral 
values of the parameters within the limits 


Jiy doo eh, jgely 


Ah+h+l,<15; 4, 73 =0(1)7 
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/Obi et al, 1953/ and for integral jg, 4, ly and half-integral j,, 4, fg within 
the lmits 
Sa2hAzlh for p=h; 


h+h+h<15; 
=0(1)7; bes to = 5(5) 53 


/Ob: et al, 1954, 1955/. 
Boys and Sahm /1954/ give tables of numerical values of the quantity U which 
is Closely related to the 67 -coefficient (see appendix 1) for the parameters 


Juda hy = (5) 
ee t= 0(5)5. 
Biedenharn /1952/ gives tables of the function W for 
jy=20(1)4; h=0(1)5; jn 4 =0(5) 35 
is=5(5)3: 4018. 


In some cases it 1s possible to use algebraic formulas for the 6j-coefficient for 
certain values of one of the parameters, These formulas are easily obtained from 
the expression (16.2), which was transformed by Sato /1955/ to the following form 


i Lg tpece ‘x 
x E +k AS”? (Ba ay C+k +h \ ie : 
Gs thd! Us— kd! (251 +59 + hyp + 1)' +1) 
4 
(D + hy t+ hy t+ 1yutee ] 
(20, + J + y+ 1) nth) 


x [s+ ki) (A — ky + hy) B— 
Gr—h,) 
—Ga—A)CD+h tht NO)". (16.10) 


Here 
VO oV(V—1)...V—k+ 1) 
Vi-%=(V+1)---(V+k), 
Az —y+4h4+4, 
B=jy,—-h +h, 
Caj, +1, —1;, 
D=j,+4,+4. (16.11) 
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Formula (16.10) has been written for the case k,>|&,|. If this condition 1s not satis- 
fied, we obtain the required expressions for k,=|k,| by changing y, to 2, and ky to 
k,. The last factor 1s expanded symbolically by the binomial theorem. 


Algebraic formulas obtained from (16.10) for s, = 3, $ 4 and 2 are given In 
Ob: et al. /1954, 1955/ and Sato /1955/. They are given in a shghtly different form 
for Jy = 7 1, $ and 2 by Biedenham et al. /1952/, and for jg = $ by Edmonds 
and Flowers /1952/. Asymptotic formulas for the 6,-coefficient for large parameters 
may be found in Biedenharn /1953/ and in Brussard and Tolhoek /1957/, 


17. 3 nj-coefficuents of the first and second kinds 


The 6j-coefficient 1s the simplest nontnvial s-coefficient. In a certain sense 
it 1s possible to regard it as the principal y-coefficient, and to express all y-coeffi- 
c1ents as sums of products 6f-coefficients. In this section we will consider certain 
single sums of products of 6) -coefficients, which represent y-coefficients of the two 
types called 3 nj -coefficients of the first and second kind /Levinson and Vanagas 
1957/. 


The sum of a product of 64-coefficients which represents a 3 my -coefficient of 
the first kind 1s of the form 


Ji JaceeIn 
ae eee a a de pres 
kh, hy-.-h, 


x{} kh, x if k, * oles "a Ryo, ed We k,, if (17.1) 
Rete Jl Fass 4, ky dn Ferd ln As 4, 
and the sum which gives a 3 mj-coefficient of the second kind 1s 

yn Je ae In 


ho hee, J= > (1x 
hk, hoses Ry " 


x{} nee h, x wee ee ee (17.2) 
he ja Ij Reds b, hy Jn b-. kid !, . 


R,= > Gtk +4). (17.3) 


s=l 


Here 


In 3 mj-coefficients of the first kind, triads are formed by the following sets of para- 


meters CF hide) Us 133). oo %% en Peery eh Gala k), (R, A ks), 28 Sy (k,-1 bs k,), 
(Rk, 1,91), 0 3 mg-coefficients of the second kind we have (yj, hj.) Usdgya), «+5 


CGin-atn~tdad> Gntadrd» (Rr 4 Re), (Rg ls), - +>, (kyla Rn) (kh, !, Rs). It 1s useful 
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to note that the expansions (17.1) and (17.2) differ only 1n the phase factor (— 1)" 

and in the distribution of the parameters y, and k, 1n the last factor under the summa- 
tion sign. This leads to different intersection properties of the lines j, and A, 1n the 
diagrams representing 3 j-coefficients of the first and second kind (Figures 17,1 and 
17,2 respectively). 


Figure 17,1 


Obviously, there need not be only one pair of intersecting lines. However, by 
deforming the diagram one can erase two pairs of intersecting lines without essentially 
changing the given sum, An uneven number of intersections therefore leads to 
Figure 17.1, and an even number to Figure 17.2. Hence it follows that, apart from 
those we have examined, no other forms of single sums exist, 

The symmetry properties of 6)-coefficients (16.4) give the following symmetry 
properties for 3 mj-coeffrcients of the first and second kinds respectively 


Ji Jare¢In k, ky .-k, 
l rs = l, Peers S = 

k, | eee 2 J. Ig ++I y 
JesseIn fi Ry tnes-Se 

= ,L.--l, P= | ee er ee cy ae (17.4) 
ky. kh J} k,, Re 
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L &...d, |= i, od... f= 
k, k,..-k, Ji Jatt edn 
JegeeeIn Ii Ji InoooJe 
=| i... h P=] bo dee |. (17.5) 
k,...k, ky hk, ky Ry 


To obtain the first set of relations one must permute the rows in the 6)-coefficients 
in (17.1) and (17.2) 1n the columns which do not contain the summation parameter. 


qa ap 4 ae, 


” “em, 


oe” —_ 
Js 
Figure 17,2 


To obtain the second set of relations the first 6j)-coefficient must be transferred to the 
last position. Finally, to obtain the last of these relations one must write all the 
6j-coefficients in reverse order and permute the rows and columns, without changing 
the columns containing the summation parameter. 

It follows immediately from the triad structure that the sum of four parameters 


taken from two columns in the outer rows 1s an integer. 
If one of the parameters in the 3”j-coefficient vanishes then we obtain, taking 
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(16.5) into account, 


ji cee JInnl Jn -4 
Iocee yen OF = [Ci Ca)] ” 8 Gis Aa) 8 Ch dd X 
ky see Ryn ok, 


Ji ee Jn-a 
x bocce Aaa, (17.6) 
be ekg 


Ji 8 ee oe 0 -i 

| ive a | [n) (!,-1)| x 
ky cle k,-1 k,, 

pth, 3, th, td 


% B (yy Kt) 8 ly ts Inna)(— 1)" lea. 
J ky, k,, em ka~e k, 
, koja | _ Ry-1In-a fas Cen 
Ji 88 Inn In 


1 
vee Igen Of =[C GD] “8 Gn ADB (ys Ai) 
ae ae 2 


Jyote+ Sant 
x l, eee li ? (17.8) 


Jie? Innit 0 _i 
bac ty | =(() -y-1)] x 
beck 


Ri t(nt lh —k +k, 
x 8Uy-1 Lx) 8 (4, N(— ) ane 1 n=1 


x ky k, "he. 1 k er = (17.9) 
Re Jo | -2Jn-1 'n- 
From the symmetry properties (17.4) and (17.5), the first row can be interchanged 
with the third, consequently, (17.7) and (17.9) also cover the case where the vamish- 
ng parameter 1s 1n the third row. Vanishing of the parameter in the middle row, as 
we see, leads to a 3(m— 1)j-coefficient, 1.e., reduces the number of parameters by 
three, 
For #= 1, from (17.1) and (17.2) we have the trivial expressions 


ji 
| A | =(= penn ehh}, (17 10a) 
ky 


+] 
n—1 x 
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yt r 
1, | =5(h, 0)[Gi (4)] (17.100) 
hy 
For m =2 
A J base 
L, Li=(- — = : (17,114) 
k, ke 1 Re 
Jide 
ho hy | =8(4,4)(4)"'X 
hk, kh 
(=) Lived {ee}. (17,11b) 


A comparison of (17.11a) with (A, 1.2a) [A= appendix] shows that the 67 -~coeffi- 
cient 1s obtained as a particular case from the 3m j-coefficient with the same phase 
as Racah's W. Equation (17.11b) shows that the 6j-coefficient of the second kind 1s 
trivial, 


18. The 9j-coefficient and its properties 


If in (17.1) = 3, then, introducing a more convenient notation (following 
Wigner /1937/) 


di Ja Js Ag Je 
hk | | Ry ly jaf, (18.1) 
kh, hy hs kkk 
we obtain Fe 
Ji Ja Ja 
hhh p= &M-IYx 
ky hy hg q 


SHAESIEREE 


Thus the 3 mj-coefficient of the first kind for = 3 1s the well-known 9j-co- 
efficient, which 1s sometimes referred to as Fano's X-coefficient or Wigner's 9j-co- 
efficient. 

If in (17.2) N= 3, then we have 


yr Je Js oe sara 
itt PEO ten Hea) oo 
1 3 . 


o9 


The j-coefficients (18.2) and (18.3) are represented in Figures 18.1 and 18.2 respec- 
tively. It 1s therefore evident that the 9j-coefficient of the second kind (18.3) 1s not 


Figure 18.1 Figure 18,2 


independent, since, as explained in section 14, diagram 18.2 1s separable on the three 
lines 4, 4, and Jy. This gives 


Ji Jz Js 


hd, ft. Lf 
hte pac nmm (Ee al ae 
hy ky ks 3% J3 Ji Jo 


The 9j-coefficient of the first kind (18.2), which 1s simply referred to as the 
97 -coefficient, possesses a high degree of symmetry, Its symmetry properties may be 
written as follows /Wigner 1937, Jahn and Hope 1954/ 


yi Jo.ds nk Je dy Js l l, ly 
hl, Jo I, Re =(— 1)* | i, =(- 1)* Ji Je Js ’ 
Rh, Re Rs Js I, he k, ky Ry Ry ky Rs 
3 
R3 = > (jt 1+h,). (18.5) 


i=l 


They may be found, for instance, with the aid of diagram 18.1. This gives 72 sym- 
metry properties in all, They show that the 97-coefficient does not change upon trans- 
position of the parameters relative to the two diagonals and upon an even permutation 
of the columns or rows, but that upon an odd permutation of the columns or rows 1t 1s 
multiplied by the phase factor (— 1) , where Rg 1s the sum of all nine parameters. 
From the latter it follows that, when two rows or columns are equal, the following 
relation holds true re? 
Sida dap =0, if ky he + hy = 15 odd (18. 6) 
hy Ry Re 


It 1s readily seen that 1n the diagram of the 9j -coefficient 1t 1s possible to change 
the directions of all lines and the signs of all nodes without changing the phase factor. 
If one of the parameters of the 9 -coefficirent vanishes, then from (18.2) and (16.5) it 
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follows that 
Ji Je Js 


+} 
Lh |, ly } =8 (Gs, 49)8 (A, Re) [ia) )] . 
k, ky 0 
 [Vitsiethtss idea 
” I I ki . (18.7) 


Since the 9j -coefficients are frequently encountered in calculations, we shall 
list the available tables of these coefficients. The tables of Smith and Stevenson /1957/ 
give values of 9j -coefficrents to 10 places of decimals for values of the parameters 


, 1 3 ‘ l 5 ! 7, 
A=Z)si domes: Reh y: 
Ja» ks, h, i, =0(1) 7. 
The supplement to these tables /Smith 1958/ gives 
: 3/1\7., . S7f1\ 7. « t; h=$(3) 
A=3(z)z: i} z)73 Ja Jr VW ZVI) 2° 
Tables of 9j -coefficients in fractional form have been computed by Sharp and his 


collaborators /Kennedy et al. 1954/, covering values of the parameters 


1) fe=hy fsehe=o(z)5i ASh=12 


; 1 ae ere ae 
2) R=k=aZ(I 5; s= seazll)z; f=h=3.4, 


oa 
68 
U 
bo] co 
rf on 


. 4 
3) n=Hky=1()4, A= F 


] 9 
noh=5(1)5- 


Sharp et al. /1954/ give these coefficients for values of the parameters 
l) fahy Ath U5)5s AH ele 
hy Igy ty =2(2)8 
2) A=l, h=2 A= h<is=h=1(3)5. 


Values of the quantity A (see appendix 1), which differs from the 9j~coefficient by 
a simple factor, may be found in Kennedy and Cliff /1955/ 1n the form of decimals 
and fractions for 


. : I 
Jip k, = 0(1)5, JIg=kh, = 9° 


It may be found useful to refer to the tables of Matsunobu and Takebe /1955/, which 
contain algebraic formulas and numerical values in the form of fractions for the 


9j-coefficient for Je = kg = _ Sry ky = 0(1)4. 
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19, 124-coefficients and their properties 
If in (17.1) and (17,2) nm =4, we obtain 
ni ja Js Je 
hk h khf= 2 @(-)"x 
hk, kh, he hy : 


fi ys ie Ryx Wi kg x \ [fake x 
. Ra je h ksjgla} i Rete DLA ALD’ (19.1) 
Ji Ja Js Je 
L l; l, Li= > @- 1)" x 
k, k, ks k, ® 


hi ere i ia eno nee (19.2) 
Re Jy 4 ks Ja Rady | AA ay 
(19.1), which 1s a 12 j-coefficient of the first kind, was introduced by Jahn and 


Hope /1954/ and studied by Ord-Smith /1954/, It 1s usually referred to simply as 
the 127-coefficient. 


It 1s convenient to use the following more symmetric quantity instead of (19,2) 
Ji da da Js 
hy by dy P= (— yeh bh 2 (x) x 


hy hy ky hy 
are | ate eet | ere 
Jahr & Js ti 's Ja Jo fs yeraen re 


which 1s related to (19.2) 1n the following way 
ha ia ta Sa - 
hhh lk j=(- J) Ththth hth mem thy 
he jr hy Ss 
xP &£ A & GY. (19.4) 
ky js Be Ia 
This quantity was introduced by Elhott and Flowers /1955/ and studied by Sharp /1955/ 


in a somewhat different notation, related to the present one /Vanagas and Chiplis 


1958/ by 


hate is J ee 
1 Je Js Je he hj 
Lhhkih |= ihe Ie ; (19.5) 
nh ht VR 
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We shall call this quantity the 12 j-coefficient of the second kind. It 1s convement 
to wnite it as follows, 1n order to examine the triad structure 


Ji Ja Ja Sa 


Lh kh | 
hy ky by ky J 
Je Js 
Ik ls (19.6) 
here the triads can readily be seen. 
f 
+ ¢ = 
I ky 
+ e =D 
ne im 
i, t 
Figure 19,1a Figure 19,1b 


The diagrams which represent 12j-coefficients on a plane are given 1n Fi- 
gures 19,1a, 19,1b and 19.2. We see from these that neither the 12j-coefficient of 
the first kind nor the 12 f-coefficient of the second kind can be simplified, as their 
diagrams cannot be separated on fewer than four 
lines. 

It should be noted that a 12j-coefficient of 
the first kind may be drawn on a plane as a polygon 
by the two methods indicated in Figures 19,1a and 
19,1b. as a consequence of the symmetry properties 
which follows directly from (17.4). Hamulton's 
line, which should form the permmeter of a polygon 
when passing from diagram 19,1b to 19,1a, consists 
of the lines j3, je, ja» Jas Ry, Ro, Ra, Re: 

Like the 97-coefficient, the 12j-coefficient of 
of the second kind possesses symmetry properties 1n 
addition to those of the general 3 my-coefficient. 


Figure 19.2 


These may easily be examined by representing the 
diagram of the 12j-coefficient of the second kind 1n the form of a cube /Vanagas and 
Chiphs 1958/. The following symmetries are thus obtained 


Jidgdads Tereres 
ae oad LE (19.7a) 
ky hy hy hy ky hg hk, ky 
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Tidads Ja hd; i, |, Lyle ly hy 
Lh l l, l, = k, k, Ry k, =I Ja Jo Js i |= (19,7b) 
ky k, ks ky Jy Ja J3 Ie ky k, ky ky 


yh Ja Js J4 
= I, l l, I, e (19.7c) 
ky ky ky Re 


This means that without changing the phase factor it 1s possible to a) interchange 
the first and fourth columns and the second and third columns simultaneously, 
b) carry out any permutation of the rows (for an odd permutation one must permute 
the first and fourth or the second and third columns simultaneously), c) permute the 
parameters 4, , and 4k, 4, permuting the groups of parameters k,, ky and hy, Rg 
simultaneously. (19.7) indicates that the 12j-coefficient of the second kind possesses 
24 symmetry properties whereas from (17.4) 2f follows that the 12f-coefficient of the 
first kind possesses only 16 symmetry properties, Remembenng that, as pointed out 
in section 17, the sum of any four parameters 1n two columns 1s an integer, we see 
from (19,4) that in the notation of (19.3) for the 12j~-coefficient of the second kind 
the sum of the parameters 1n a row 1s an integer. 
lf one of the parameters of the 12)-coefficient vamshes, we obtain 
ji Ja Js Ja -2 
ho th OF mBin hd RoAd[GC)] “x 


ky ke Ry he 
hi Ads 
ee (19,8) 
ls ky jg 
ji Je Js 0 -+ 
ae ee CLC) (Cc) 
k, k, ky k, 
_yaebethth-aohf da Ja A ie Ja I, bas 
oS aad ee ha ky hey J’ aa 


Ni Sa Sa Je -} 
by ty ty | =B Ue WB (10, )[(4)(U)] x 
hy &, hy 0 


4, lk k,l, | 
ae hnth-i—l, 1 *2 "3 2°3 °6 
Pl hg kif, ky hy } (19.10) 


The above symmetry properties of the 12 f-coefficient of the second kind show that 
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in the latter as well as in the 6j- and 9j-coefficients all parameters are equivalent, 
1,€,, any parameter may be placed in any position. We have therefore cited only one 
formula for the 12 j-coefficient of the second kind. 

3nJ-coefficients of the first and second kind exhaust all possible independent 
quantities with 6, 9 and 12 parameters, This may be seen by drawing all possible dia- 
grams with four, six and eight nodes, This does not hold true for cases where the 
number of parameters 1s greater than 12, One 1s therefore obliged to turn to methods 
which enable one to find all possible independent quantities with the given number of 
parameters, We shall begin our examination of 15)-coefficients with a bref exposi- 
tion of these methods. 


20. Methods of studying j-coefficients, 15)7-coefficients 


To determine the number and type of 3nj-coefficients for a given value of n, 
one must construct all possible diagrams with 3m lines separable on no fewer than four 
lines, and class them in sets reducible to a single form, The number of such sets will 
give the number of 37j-coefficients with the given number of parameters. In this 
study the principal aim is to construct all possible diagrams of this kind. This may be 
carried out by two methods, which were suggested by Levinson and Chiplis /1958/ and 
Gutman and Budmrite /1959/ respectively. 

The first of these 1s the recursion method. The diagrams of the 3sy-coefficients 
are obtained from the diagrams of the 3(m - 1)j-coefficients in the following way 
two additional nodes are placed on any two lines of the diagram of the 3 (m - 1) j-co- 
efficient and joined by a line, To ensure that the diagram obtained for the 3mj-co- 
efficient will not be separable on fewer than four lines, one should imituially take a 
diagram of a 3(m - 1) -coefficient which 1s separable on no fewer than three lines. 
Joining 1m this way all possible pairs of lines in the diagrams of all 3 (m - 1) j-coeffi- 
cients, we obtain the diagrams of all 3nj-coefficients, After selecting those which 
are separable on no fewer than four lines, and identifying similar diagrams, we obtain 
all essentially new diagrams of 3mj-coefficients. Utilizing the symmetry of the dia- 
grams of 3 (” -1)7-coefficients, it 1s possible to reduce the number of pairs of joined 
lines 1n 2n obvious way. For example, for s=1 we merely have the one diagram of 
a triangular delta (Figure 12.17), As all the lines in this diagram are equivalent, it 
is sufficient to jorn any pair of lines, Joining the mid-pouints of, say, the les y, and 
Js, we obtain the diagram of a 6f-coefficient (Figure 16,1). 

We will illustrate the second method by the construction of diagrams with six 
nodes. The construction always begins with the group of four nodes A, B,, Bs, B, 
(Figure 20,1), as this part will occur in all diagrams separable on no fewer than four 
lines, In our example we shall draw two more nodes C, and Cg together with the 
lines issuing from them, Obviously, lines issuing from the nodes B should not be 
joined to each other, as this would give a diagram separable on one, two or three li- 
nes, Further, the lines issuing from a particular node B should not be terminated on 
the same node C, as this would give a diagram separable on two hnes, Using the 
symmetry of the group of nodes A, B,, B,, Bs and remembenmg the above remarks, 
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it 1s easily seen that there exists 1n all only one possibility of joining the lines, shown 
in Figure 20,1 by the dotted lines. The diagram obtained gives the only possible 
9}-coefficient, which admits of no further simplification, 


Figure 20.1 


Using either method, it 1s easily seen that for m =4 there are only the two Innds 
of 12j-coefficients described in the preceding section, The number of different 
1Sj-coefficients (# =5)1s 5, Their diagrams, symmetry properties and algebraic ex- 
pansions /Levinson and Chiplis 1958/ are given below. 

The diagrams of 15;-coefficients of the first, second, third, fourth and fifth 
kinds are given 1n Figures 20,2-20.6 respectively. As in the case of the 124-coeffi- 
cient of the first kind, representations of the diagrams of 15y-coefficients of the first, 
third and fourth kinds by plane polygons are not unique. Forthe sake of con- 
venience, all such representations are given in the corresponding figures. As may be 
seen from Figure 20.6, the 15/-coefficient of the fifth kind cannot be represented by 
a plane polygon in which the vertices cover all the nodes of the given diagram. 


Figure 20.2a Figure 20.2b 
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Figure 20.2c 


The 15j-coefficients of the first and second kind are particular cases of the ge- 
neral coefficients examined 2n section 17, From (17.1) and (17.2), we obtain their 


_ 5_+ 


Figure 20,4a 


expressions 1n terms of the sums of products of 
6j-coefficients, their symmetry properties 
follow from (17.4) and (17.5). For the remain- 
ing types of 15y-coefficients, the symmetry 
properties are established with the aid of their 
diagrams, These coefficients are already 1n- 
capable of expression as single sums of products 
of 6j-coefficients, although certain of these 
may be expressed as single sums 1n which 
9j-coefficients appear in addition to 67-coeffi- 
cients, These expressions are obtained by the 
method of separating the diagrams given in 
section 14, We shall give these expressions and 
the symmetry properties for these three 15f-co- 
efficients. 


Figure 20,4b 
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Figure 20,5c Figure 20,5d 


The 15 j-coefficient of the third kind possesses the following symmetry proper- 
tres 


RRR RR hk i 
a a 7 | cor i Pp he P= 


Ai i Pde ds i oAS ST ja he 


ayn the de kh, ki Rk R ky hj 
(0 | Pp) p Ps =(-1" Pe p Pp, » (20.1) 
Rk RRR kh, hk I Th hh 
where , 
aan’) —(k—-*), 
Go = a th_ I Iq) — (Ri +h, = hy — A), 
Gy =the tits tits) — 
— (hut ke th ki t+ ko +h’), (20.2) 
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and 1s expressed as 


kh, ki Rk R’ a 
| p, | 2 (x)(— ican 
J rH iF ds 
kj kRjx R’ 7’ x 
oes ’k' p ine ee a} (20.3) 
Reta Pa) \ Ry Sy Ps 
The symmetry properties of the 15j-coefficient of the fourth kind are 


nak wy hk Ki Rasa yy 
pbs F p'panc—1*te Fos 1 pj= 


fa he % hy hs oR t,he de 


Je Ra Sp hy Js 
= |" tos vp ; (20.4) 

where Aaa mh I 
w = ky — hye ki ~ kh +28, 425, (20.5) 


and it 1s given by 
Ahak “A 
pl s I’ 


k, Saad) tees ¥ ay’ 
1 ( 1) +hy~s, —Sp +P+9'’+ 
Je he Se k; ha 


hija * rae 4 he Bx 
I sj eet fee terse (20.6) 
x 2) nt jp mee Dl eee S| bes 


Finally, for the pee ee of the fifth kind we have the symmetry pro- 
perties 


me A AG {me a Bh {ah a Ae 
hake fn alg =(—l) Jha hy Js “4 =(—1) \ishs is p= 
kg kg fy Ig ly ka ky je ko kg ja Il; 

keke Je 4h ke jo bh 

kg ky jy 4 aa Js 4345}, (20.7) 


ky, ky hi AG ky ky hi hh 


where 


m=44+44+4—-h-h-&, 
M=Atht+ht+h+h+ht+itietss, (20.8) 
Ms=h—-ht+h —ki+khs+Je, 
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and the expression 
heh Ak a 
ha Be fn da lah = D(x) (x) (— It At tte 
Rak, jg Als mae 


, 9 yd 
ly L % 1% ls Xs fea hy hy %, 
tated at fa'a af) hs ha Ha (20.9) 
Adv MA ksh 
All the parameters 1n this 15j-coefficient are equivalent. The notation for the 15j- 
coefficient 1s taken from Levinson and Chiplis /1958/, It has been chosen for the 
clearest expression of the triad structure and symmetries. 


Figure 20.6 


The 18j-coefficient has been studied by Budrite and Gutman /1959/. Owning 
to the size of the diagrams and formulas, they have been relegated to appendices 3 
and 4. 
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Chapter V 


UTILIZATION OF TRANSFORMATION MATRICES FOR OBTAINING SUM 
RULES AND TRANSFORMATION FORMULAS FOR jm-COEFFICIENTS 


In sections 8 and 9 (Chapter Il) we examined the general properties of transfor- 
mation matrices of eigenfunctions of coupled angular momenta. It 1s evidetht from 
(8.8) that the elements of the transformation matrix can be expressed 1n terms of the 
product of two generalized Clebsch-Gordan coefficients summed over all the magne- 
tic quantum numbers. As the generalized Clebsch-Gordan coefficients can be ex- 
pressed 1n terms of generalized Wigner coefficients, we see that the elements of the 
transformation matrix may be expressed as sums of products of Wigner coefficients 
which are independent of the magnetic quantum numbers. In other words, these 
matrices may be expressed in terms of j-coefficients. Herein les the main signifi- 
cance of j-coefficients, and the importance of studying the relation between trans- 
formation matrices and Jj-coefficients, By determining this relation one can obtain 
the properties of g-coefficients from the properties of transformation matrices. It 1s 
to this question that the present chapter 1s devoted 

Section 21 deals with the general consideration of the relation between trans- 
formation matrices and j-coefficients, In the next section we consider methods of 
separating the explicit expressions for the transformation matmx 1n terms of j-coeffi- 
cients, section 23 gives these expressions for the case of the simplest transformation 
matrices. Section 24 1s devoted to obtaining sum rules for products of j-coefficients 
from matrix identities, Finally, 1m section 25 we indicate a method for obtaining 
transformation formulas for jm-coefficients with the help of transformation matrices. 


21. General considerations on the relation between transformation 
matrices and j-coefficients 


When studying the relation between transformation matrices and J-coefficients, 
the transformation matrix may, without loss of generality, be characterized by a 
smgle permutation of the component angular momenta. In fact, the matrices 


(Prin +++ in) aT (Pada ++ tn) 8d) (21.1) 


(Bin ++ Gy)” JI (Py Pot fy +++ dn) 8d) (21.2) 


may be expressed 1n terms of j-coefficients of the same type This follows from the 
fact that the matrix (21.2) may be obtained from (21.1) by renumbering the subscripts 
of the angular momenta ys, which does not affect the structure of the matrix, We can 


and 
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thus confine our attention to matrices of the following form 


(U1 +++ i)“ aJl(Pir +++ 5n) 4/)- (21.3) 


It 1s seen from here that for the given schemes of coupling A and B (see section 6), 
there can be m! matrices characterized by permutations of the subscripts 1, 2,. .,” 
in the right-hand side of (21.3). Those matnces in which the same two angular mo- 
menta are added together on both sides need not be considered, since, owing to the 
unitarity of the Clebsch-Gordan coefficients, they may be expressed in terms of the 
products of transformation matrices of the eigenfunction of %- 2 coupled angular 
momenta and the Kronecker delta, There exist several elementary ways of studying 
the remaimng matrices, these make it possible to separate sets of matrices which 
may be expressed in terms of j-coefficients of the same type /Vanagas and Chiplis 
1958/. These methods are based on the symmetries of the Clebsch-Gordan coeffi- 
cients (4.7c) and renumbering of the subscripts, We shall examine them in greater 
detail, 

In accordance with (8.7), the matrix (21.3) and the matnx 


(Pia +++ Jn) OSGi ++» ta) 2) (21.4) 


are equal, We shall renumber the subscripts of 7 1n the above matrix according to 
the permutation P~?, We then obtain the matrix 


e e B as e e A 
(Gis +++ in) (PHY + dq) a) (21.5) 
From the above, the matrices (21,4) and (21.5) are expressed 1n terms of j-coeff1- 
cients of the same type. This property 1s useful when A=B and P= P-}, 


If the scheme of coupling B in the matrix (21.3) 1s such that the angular mo- 
menta jg, and J, are added directly and the matrix 1s characterized by the permuta- 


tion Lo 2 66h a0 4 6-0 ep 
Pay (21.6) 


then 1t follows from the symmetry properties of the Clebsch-Gordan coefficients that 
the matrix characterized by the permutation 


P ona Gare! 
ae aren eee eee (21.7) 


will differ from the first matnx only by a phase factor, 1.e., both these matrices may 
be expressed 1n terms of jf-coefficients of the same type. 

If the coupling scheme A in the matrix (21.3) 1s such that the angular momenta 
J, and j, are added directly and the matrix 1s characterized by the permutation 
(21.6), then by interchanging these angular momenta in the left side of the matrix 
and renumbering the subscripts R and ¢ so as to read ¢ and R respectively, we will 
obtain a new matrix characterized by the permutation (21.7), Owing to the fact that 
a permutation of the coupled angular momenta can only change the phase of the 
matrix, and renumbering of the subscripts does net influence it structure, the original 
matrix and the one obtained can be expressed 1n terms of j-coefficients of the same 


type. 
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By using these elementary methods one can distinguish matrices which differ 
essentially from each other from those which do not. Thus, using the symmetry pro- 
perties of the Clebsch-Gordan coefficients and renumbering the subscripts, one can 
bring any scheme of addition to a form in which the angular momenta j, and 4, in 
the left-hand side and y, and y, in the mght are added directly, Then the 2(n — 2)! 
matrices for which % = 1 and #,=2 or 4; =2 and t,= 1 may be expressed in terms of 
the product of the Kronecker delta and the transformation matrix of the eigenfunc- 
tions of m-2 coupled angular momenta. Half of the remaining n! ~2(n— 2)! 
matrices have the same structure owing to the permutation of j and Ji. (1;, 5951, 2). 
Further, half the remaining matrices have the same structure owing to the possibility 
of renumbering the subscripts 1 and 2. Thus for any coupling schemes A and B it 
remains to consider not more than 


~2(n—2 
lowe A Sola! = . (21.8) 


matrices, 

If the coupling schemes are such that more than one pair of angular momenta 
are directly added at a time, then the number of essentially different matrices 1s still 
further reduced. For example, it is easily seen that when the coupling scheme A 1s 
such that two pairs of angular momenta B are directly coupled, for any coupling 
scheme 7, 1t 18 sufficient to consider 


n'—4(n—2)! 
— (21.9) 


matrices. 

Let us consider 1n greater detail the influence of the coupling scheme on the 
structure of the transformation matrices, For a large number of added angular mo- 
menta M@, there exist many different schemes of coupling. In the simplest cases they 
are added in the following way. The angular momenta are divided into sets of, say, 
ky, ky, ...,k, angular momenta (2k,=n). In each of these sets the angular 
momenta are added step-by-step, namely 


(..-((C#94-)+-)--} (21.10) 


The resultant angular momenta of these sets are added 1n the same manner, This 
coupling scheme 1s conveniently denoted by the symbol Ale fa ver By Thus, for 
n=6, k,=2, kg =3 and A= 1, k,= hg =...=0, we have 


ata (((to+(+0+-))+-) (21,11) 


For any scheme of coupling B, At ang A’? give matrices with identical 
structures, Consequently, the number of essentially different coupling schemes 1s 
substantially reduced. For small # this number 1s altogether insignificant, For #2 =3 
there 1s only one scheme A? for #=4 there are two, A* and A%* and so forth. 

Henceforth we shall use the following abbreviated notation for the vanous 
coupling schemes A"=A,, 


A” sean Pe 
Ao SA. (21.12) 


73 


To simplify the writing we shall introduce a somewhat condensed notation for an ele- 
ment of the transformation matrix, Thus, the matrix (21.3) shall be denoted as 


al ((12 oan) (Gyaws i,)’). (21,13) 


In these symbols the component angular momenta will be indicated only by the 
corresponding subscripts. Intermediate and resultant angular momenta can be dropped. 
From now on 20 this notation we shall wmte matrix identities of the type of 


((1 ae) Ayes i)” ) = > ((! soem)“ | (Ry oes h)°) x 


€y ove a | 


d; oe a 


x (Cha + U(r + Pa)? )((Pr vee PRP Mi oo DP), (2.4) 
in the abbreviated form 


(Lees m\*1iy oo AP) SP (Lee my AIC oe 


Cs eee Cumk 
d, ete a 


(Pr -++ PY Hh vos &)*), (21,15) 


Further, we shall denote the permutation (6.17) by the symbol P13, vee bye 


22 Methods for obtaining the relation between transformation 
matrices and j-coefficients 


The expression for transformation matrices 1n terms of j-coefficients 1s most 
conveniently found by the graphical method. We therefore represent the generalized 
Wigner coefficients appearing 1n the expression for the transformation matrix 1m the 
right-hand side of (8.8) 1n graphical form according to the method given tn section 12, 
Further summation Over ,,...,M, entails contracting the two diagrams, this 
leads to a closed diagram. For practical calculations 1t 1s useful to establish a general 
tule, given below, for expressing the transformation matrix 1n terms of 4-coefficients 
which will enable us to obtain directly the phase factor as well, 

The diagrams representing the generalized Wigner coefficients should be drawn 
in such a way that the nodes representing the triads on the nght side of the matrix 
have a '+"' sign, lines representing the compounded angular momenta should be 
directed towards the node, and the line representing the resultant should be directed 
away from the node. Further, the lines representing the compounded angular mo- 
menta 1n a triad should be so placed that the "first" can be brought into coincidence 
with the "second" by a counter-clockwise rotation. On the left side of the matrix, 
the nodes should have a ''—" sign and the sense of the lines and the mutual position 
of the first and the second line in a triad should be the reverse of the above, After 
drawing the nodes and the lines in this fashion, all corresponding lines should be 
contracted, A direct calculation will show that the transformation matrix will be 
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equal to the j-coefficient represented by the diagram set up in the manner indicated 
above, multiplied by 


n—2 
27+ 5 +S) 
(=1) iG, (22.1) 


where S§ 1s the sum of all "first" coupled angular momenta, and 


t=) 


n—2 $ 
c-| J [ (2¢, + 1)(28, + » | : (22.2) 
For the coupling scheme A == B=Ab, the phase factor may be rewritten as follows 


n-2° 
2 +irts,+ "Eo, 
—_ 1= 


(22,3) 


where Za, 1s the sum of all intermediate angular momenta on the left side of the 
matrix. 


+ Ji235 


h 


J 1234 


Figure 22.1la Figure 22,1b 


As an example of the use of the above rules, we quote the expression 
((12345)* | (13254)*) = 


( _ [POF atte t a thi thet at diet hi tiet dat Jae) x 


: 
x [Cse) Jou) Sasau) Us) Jas) Jiss)) °F. (22.4) 


where F is the )-coefficient represented by Figure 22.1a, which may be brought to 


15 


the form of Figure 22.16 Further, comparing Figures 22.1b and 19,2, we obtain 


((12345)* | (13254)") = (((o jadJia Usd Ju) Jisads) J | 


(@ da)Jrg (Sa5s)J, s)J 1985 ia)J ra 


i Py Js Si295Js 
= (—1)!*h~4-44f Js) Jou) Jasa4) io) Jos) Jises)] Jia Ja Js -~ » (22,5) 


hi Jas Ju 


Transformation matrices may also be studied by a purely algebraic method. 
For this 1t 1s necessary to reduce the matrix to a sum of products of simpler matrices 
with known expressions 1n terms of j-coefficients, The required expression 1s ob- 
tained by carrying out the summation. As an example, let us express the matnx 


under consideration as (1 234 5) (1 3254)*) = 


= 5 (( 12345)“ | (12345) | (12354) “* | (13254) | (13254)*), (22.6) 


dies 
All the matrices 1n the right-hand side may be expressed 1n temrs of 6 f-coefficients 


after performing the simplification (23.1), given in the following section, Subse- 
quently, the expression (22.5) may be recovered by using (19.3). 

It should be noted that the graphical method 1s the most convenient for studying 
the transformation matrices, as 1t does not involve a search for means of expressing 
the given matrix in terms of simpler matrices. Moreover, this expression 1s some- 
times rather artificial in character and 1s not always easy to find. 


23. Explicit expressions for the simplest transformation matrices 


In this section we shall examine the expressions for transformation matrices for 
three, four and five coupled angular momenta. Of the matrices which are reducible 
to each other by elementary methods (as described 1n the preceding section) we 
choose the matrix which 1s characterized by the highest permutation in the lexico- 
graphic order, 

As we noted 1n section 21, for three angular momenta there 1s only the scheme 
of coupling A». It follows from (21,8) that in this case 1t 1s sufficient to consider the 
matrix characterized by the permutation P33. This matrix was examined for the 
first time by Racah /1943/, It 1s expressed in terms of the 6j-coefficient as follows 

A A, dad 3 Jedi Sis 
((123) *| (132) )= lye [ Jaz) Js) | ; » (23.1) 
tad Sis 


For the addition of four angular momenta, there are two different schemes Ay 
and A,. One should therefore examme the matrices characterized by the schemes 
(Ap| Ao), (4, |49) and (A, |A,). It follows from (21.8) that there are five matrices 
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for the schemes (A,|A,). The permutations which characterize these matrices are 
Pisce Prsaay Preog» Pasig and Pyygg The first of these may be simplified by the 
method of section 9, The matrix Pgs, may be reduced to Pyg,. by renumbering 
the subscripts With the aid of the expansion 


((1234)4* | (1342)%) = ((1234)* | (1324) | (1342)*), (23.2) 


in which summation over the intermediate angular momenta drops out owing to dia- 
gonahty (see the end of section 8), the latter matmx may be reduced to the product 
of two 6j-coefficients. The matrix characterzed by the permutation Pygy5 1s ex- 

panded in a similar way 


((1234)* | (34 12)*) = (( 1234)“ | (1234) | (34 12), (23.3) 


and therefore also reduces to the product of two 6j-coefficients. The matnx Pigg» 
can be expressed in terms of the 9j-coefficient as follows /Arima et al, 1954/ 


4 
((1284)4|(1432)4) = (— 1)» 7.0) (Jaa) Tra) aad] 


ni Sia Ja 
x{ Stats Sirs }. (23.4) 
la Stes J 
It follows from (21.8) that for the coupling schemes (4,]Ao) 1 1s sufficient to 
consider the two matrices Pygg, and Pyagg. +The two are expanded as follows 


((1:234)* | (1324)*) = ((1234)* | (1234)** | (1324) (23.5) 
and 


((1234)* |(1432)*) = (1234) | (3412) (1432), (23.6) 


The first expansion was obtained by Biederharn /1953/, These show that both matri- 
ces can be expressed as products of 67 -coefficients, 

For the coupling schemes (A, |j) it 1s sufficient to study one of the matrices 
which cannot be simplified further, e.g. , Pyggg. It was examined by Wigner and an 
expression for 1t given by Jahn and Hope /1954/. It is 


2 hi Je J. 12 
((1234)|(1324)*) = [is Jo) raed] 43s fe Joa (23.7) 
Sis Sua J 

Thus, for four added angular momenta, only two types of all possible transfor- 
mation matiices require to be expressed in terms of 9f-coefficients, while the rest 
reduce to the product of two 6j-coefficients. 

Let us turn to the transformation matrices of eigenfunctions of five coupled 
angular momenta. Here the possible coupling schemes are Ap, A, and A,. Conse- 
quently, the transformation matrices of five coupled angular momenta can be 
characterized by the following schemes (Ay|Ao), (A, |A1), (Ag]Aq), (4114), 

(A, |Ao) and (A,]A;). An analysis similar to the one given above for four angular 
momenta leads to the results which are given in Table 23.1 The table lists the 
coupling schemes and the permutations (upon the order 12345). Of the matrices 
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which are reducible to each other, only the lexicographically highest one 1s shown 1n 
the table, Thus, to obtam the matrix (Ag|A9) with the permutation Ps453,, one 
must permute the angular momenta (jg, j,) and (j,, jg), unterchange the subscmpts 
1 and 2, make use of the reality of the matmx and again renumber the subscripts 4, 
5, 1, 3, 2to 1, 2, 3, 4, 5 respectively. One then obtams the matmx with the per- 
mutation P.4,,, which, according to the table, can be expressed as a product of 
6j- and 9j-coefficients. 

Explicit expressions as products of 6j- and 9j-coefficients may be found for 
the matrices of the first three groups 1n this table with the aid of the expansions 
(A5.1)-(A5,27) 1n appendix 5, which also gives expressions for the remaining matni- 
ces interms of 127-coefficients ((A5.28)-(A5.43) ). 

In addition to the special matrices considered above, two general transforma- 
thon matrices are known to be expressed 1n terms of 3 ”-coefficients, The matnx 
which can be expressed in terms of the 3 mj-coefficient of the first kind 1s /Levinsen 
and Vanagas 1957/ 


(a kanal kl 


(n2...k1n—1...k+1)"")= 


= ( ome 1)" ee htJe+1 ooo B= n2 eee h-h+1 eos n=l j x 


Cut g., DOO Oraraaid 


$ 
x (Jo) eee (J, i Pl @ fae ) 2:28 Jett sind ) x 


nr Jiaseees Sian SJ eth conan 00S, on-tnI natn 
x Je J3 eee J Ines edevece I_ud Pe A (23.8) 
In Jars Sid ich J est cant 00 Sonat Jqatl 


Ifhere R=n—1, then Ata)! os A" =A, and (23.8) becomes 


((12 ween)” |(n2...n—1 1)*) =(- 1)” vee mol tin~4n2 ,,. n-th 5 


A 
xis) re © (een) | @ A) ae @ A ir e 
hi Sug eee corto ons 


x |e ee ee | J }. (23.9) 
In J a.00- ove Jia ...nat 
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Table 23,1 


Summary of results on transformation matrices of five 
coupled angular momenta 


d _ 


coefficients 


13452 15234 | product of three 6; - 
13524 coefficients 
34152 

34512 


45312 


; - 


- a 
13245 
13254 


14523 13254 
13452 


The 3 mj-coefficient of the second kind 1s related to the following matrix 


((12 ...n)*|(145... n23)*) 2 (— petit JuJu atdu,..m—Jiva y 


product of 67 - and 
9 y-coefficients 


12y-coefficient of the 
first kind 


12 j-coefficient of the 
second kind 


L 
x [Sis) +++ Sir cid +++ Sie, Dien) x 


js Sues Size + Siz..ner J | 
x Jig Is Js +s Jn sie | (23.10) 
Je ji Jia Jrgeeennr Jrasccn 


These formulas wil] be utilized later on. 
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24, Utilization of matnx identities for obtaining sum 
tules on j-coefficrents 


The connection between matrices and j-coefficients makes it possible to ob- 
tam sum rules on j-coefficients from matmx identities, To obtain the actual for- 
mulas one must first find the corresponding matrix identities and substitute j-coeff1- 
ceints for the matnx elements, 

The simplest sum rules on the s-coefficients, the so-called orthogonality rela- 
trons, are obtained from the unitamty conditions of the transformation matrices, For 
example, using (23.9) we obtain 

e ° ® ° ad of 
Ji Ig toe In Ji Jago e* In 
> (Xq) +++ (%,) l; ree L booed, — 


Hp os By Ry My eee hy Xe one Ky 
= BU 1) +++ Bw [Gd + Gad] 


x {hbase {je less} veeed fnbaks }» (24,1) 


where for the sake of convenience the angular momenta have not been written 1n the 
same way as 1n the original equation. Form=2, using (17.11a) we obtain from the 
above 


1, hj 5 ah ald 
d Oia ; i k aed ce Ja) Ga) LA hide} (24,2) 


This formula was first obtained by Racah /1942/, 

We note that there exist orthogonality relations for j-coefficients which may 
be expressed as products of simpler coefficients, Using the unitarity condition for the 
matrix (23.2) and formula (23.1), we obtain the following relation 


hails el final eae ls 
TOOTS x i LhIigy ie ad r hisy {- 
= 8(h, 4)5(4, 5) CAYCS) i {51334} Clelage } Lh bg ig}- (24,3) 


However, this formula will not give a new sum rule for the 6f-coefficients, as 1t may 
be obtained by applying (24.2) twice. 
Making use of the matmx identity 


(12 ...n—1n)*| (02 ...n—11)*) = 
= 5 (12...k-2h—-1h... n—1n)*| 
(k-12...k-2 1k...n—1n)*| 


(kh-12...k—2nk...n—1 1)” (n2.... n—11)*) (24,4) 
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and (23.8), we obtain the following sum rule for 3 mj-coefficients of the first kind 


(Lye TAS Caeg) oe (gerd X 


Be coe *p_y 

yh J: oes Jane In~1 

oS es eR oo *h-1 

k, k, ees R,~» R,~} 

x A 1B base be-s k, x 

sy et a 

ni In 208 Sn Ji ee oo Jn 
x or | L 6. és ie = L eee i, eee l, ° (24.5) 

k, k, eee k,, k, @ese k, e@e@8@ k, 


Introducing J,=1,4,=... =h= Q in the above expression and using (17.6), we 
obtain 


eo ye iat > (x2) ae (x,)(— 1)*" x 


& 2 
Bees r} 


fi dat Inna Jn 


x | a a Les hdé 
I, Xy ee Kyung x, 
Rk, ky ove Rang k, Ig. 1440 Jp 
x | en Par | a i wee Uy fe (24.6) 
be X2 coe Spm Xn k, eee k,, 


This formula expresses the ("—1)-fold sum of the product of two 3nj -coefficients as 
a single 3mj-coefficient. For n= 2, using (17.11a) we obtain from (24.6) the follow- 
ing sum rule for 6f-coefficrents /Racah 1942/ 


i a Ajsh\fadk dita A 
2-0) tating | 28 | ae ns - (24.7) 


where the parameters have been changed. Another example of a particular case of 
(24.5) 1s the following recurrence formula 


fi heths hi ji ove Jnog In-1 
(—1) >, (x) x eee wins x x 
= eee k,-3 ca | 
eee m 
x{% Broa * eis Jana * 1: i . (24.8) 
lit L, bei L, 
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If here #= 4 and g,= 0, then, taking (17.7) into account, we obtain the following 
useful sum rule for 6j-coefficients* /Biedenharm 1953/ 


git (ih aes AA) 


Ji hats UP eS _ . 
hijo ka Si hal ky ? R= Lit b+). (24,9) 


The important sum mules for j-coefficients are those which make it possible to 
express the sum of a product of j-coefficients as products of other f-coefficients. 
A typical example of such a sum rule 1s 


(—1)te—da-rm he SF (1) "(m) «+ Rpea) X 


Ba vee Tym, 
ky Rati coo ky Nn de ooo Ipon 
x b b+ ees , i, l, eee bana x 
Jn In+a oe Pe, Oe 


: se ; 2 Pp-1 
x * a ose lr-o k, — 
k, eee X,—9 Xp—h 


dy Ja 899 Inn 7 j coe In 
= L l, eee Py -1 l, eee L e (24.10) 
k, k, 


art Pet + Pe a seek 


This formula may be obtained from the corresponding matrix identity or by multi- 


plying (24.5) by Ji Jo eee Sn-e In-i 
a oo Lyme In 
re 7 a) | 


and summing over fz eee Jf, with the aid of (24.1). The advantage of this formula 
1s that the number of parameters in the first 3f-coefficient under the summation 
sign 1s not particularized, 

We might mention yet another type of sum rule, which expresses a 3 mj-coeffi- 
cient of the second kind as a single sum of a 3 ("+ 1)s-coefficient of the first kind. 
Using (17.2) and the particular case of (24.7) with ky = 0, we obtain 


yi 208 In Ji coo dn It 
le ive l, => &(-p oeee | #R (24.11) 
kh, ... &, x ky, «5 Rk, ky 


awe mete eae ew ow we = 


* Known as the Biedenham identity-Translator. 
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The formula for a 3 mj-coefficient of the first kind as a sum of 3 (m+ 1) j -coefficients 
of the second kind 1s easily obtained 1n a similar way. 

In this section we confined ourselves to certain characteristic sum rules for 
j-coefficients, By combining these or by using various matnx identities and the con- 
nection between matnices and j-coefficients, one can obtain a variety of different 
sum rules, The most 1mportant of these are given 1n appendix 6, which for con- 
vemence also lists the sum rules for 6j-, 9f- and 12j-coefficients given in this and 
in other sections, 


4 


25. Use of matmx identities for the transformation of 
jm-coefficients 


Transformation matrices can be used to obtain formulas for the transformation 
of jm-coefficients. The derivation of these formulas 1s based on the relation (8.6), 
which expresses an element of the transformation matmx as a sum of products of gene- 
ralized Clebsch-Gordan coefficients, Owing to the umtanty of the matrix of general- 
1zed Clebsch-Gordan coefficients, we can write this relation as 


(ize «++ Sata Cia «++ Fe) aJM) = > (fxm «data |r +» de)? bIM) X 
& 


x (Gros de) OIG ++ ind aJ). (25 1) 


Relations between jm-coefficients can be obtained from this formula, together with 
the formulas for the expansion of transformation matrices as sums of products, pro- 
vided the transformation matrices and Clebsch-Gordan coefficients are replaced by 
j-coefficients and Wigner coefficients respectively. Obviously, the structure of these 
formulas will also depend on the schemes of coupling of the angular momenta. We 
shall consider some examples of such formulas. 

Let the transformation matmx which appears in (25.1) be similar to (23.9). In 
this case (introducing a more convenient notation for the parameters) one readily ob- 
tains from (25.1) the following formula for the transformation of jm-coefficients 


>» G—m,) ,, ; - . A 
(— 1)'~? Ii Ade ( Ja ls Js ak In-a bn~1 Jn x 
Me 2 (7 ny ) —— Me Ne =f (_ n~1 %_my ft 
Jo. i) _ + Phi + Bea) 
con My VN “Gee 2. a vanes 
‘ hi oy os my | mepieied . 
hy = b, "1N\o, 1 92/\ — 92 1293 / 
x (or baa k, ( k, l, yh ). (25.2) 
N= nea Mant Gnd \ = In Mn 
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Multiplying the above by 
4 e 
(yer ttm o fa h 
qn ~f, — mM, , 
summing over #, and m, and using the orthogonality property of the Wigner coeffi- 


cients, we obtain the following sum rule for jm-coefficients 


3 Us M)tha—n, ,. 


> (~1)'* (se js ) ” 


{Ty ove 7, "5 LS | ny I 


Je b, J3 ) ~ bana Jn ) x 
— Me Nz Ms My, -y Ay—y M,, 
x( In L, ae ‘ ji )= 
—m, 7%, 9/ \I_n ~My, — My 
n—i 
zy (A: 9) + 25, 


= Sha) oe Cy -— 1) '7? x 


&; @2 ose hous Gna 


x r — 1, ‘eee a | i te ae 


9, ™% Ye — Jo Nz QW 
are 
ky l~1 a 
@9e@e x e 25.3 
se Nn -1 In ( ) 


For m= 2, talang (17.11a) unto account, we obtain a frequently encountered trans- 
formation formula 


h-mth—-mth—-m/j, ly je \fjs ky hy 
» (-1) ) x 
he l hi ) SitSeeh off Js lh, Ms l, a 
=(—1)2rer™ : 25.4 
x(% —™ Ro — Mm ( ) hy Re le J\Q, m1 9s ( 


which will be obtained in section 26 as an illustration of the graphical method. 
For m= 3 we have, from (25.3) and (18.1), 


> = ea ( l, je ) x 


iy iz Ty A, — MM, 
x(” I, fg )( l, oe Ib ja )= 
Me Nz — M3] \MyN, W/ \%3 —Ny — mM, 


h,— 9, +2f.+ 2k, di h Js 


= > (eX ~1) hy he lp 9X 
- by ky fs 
. (* 4 i ly *} (25.5) 
Gi %, —We/ \%z M3 Wg 
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Using the symmetry properties of the 9j-coefficient and (18.2), we can express the 
right-hand side of the above equation as follows 


syed aed Ee 
eje x JiR, hx 


x{ 1% os | ky . *) 
ly kg x M1 %, —92/\9— Me Ia/ (25.6) 


Transforming the sum over Ay with the aid of (25.2) for m= 2, we obtain 


aes oe (™ 4, np fy he\ 


> (R3)(x) ( — Irboindetitreththth| 


big: 


(h)(—1 hy hy t 7 
2 l i" i Qi M, —Wo/\Is Ne Qs 
- S (x)(—1) NtEhtI th ehebtz—om l, ‘ Js high I 
am I, Jo * l, k, * 
x(* ly alts A *) (25.7) 
qm. —m/\ 9, mm) 


The jm-coefficients considered above possess certain symmetry properties 
which can easly be examined by the graphical method. 

Special notations are sometimes used for a few frequently encountered jm-co- 
efficients, For example, Simon /1953/ uses the following expression as an indepen- 
dent quantity 


nh Js Is tithmisths + bth 
Guise js (=O-}) x 
Jejrde 


x [G v) Us) Cis) (9) CAIED) (72) Go]? x 
a ; Jidads 
Ee R NE Hn 
2 JeJ2 Je 
Sathtm bth 
(= [d+ Ga]! 


x > oy J3 a ane J Je Mi J7 i Is A (25.8) 
y Y jeIsIUY nig }\M 0 —m/\0 m —m 
which possesses the symmetry 
Ji jada JoJzIa Is dah 
Galje JIsJ=(— 1)° Galje Isp=(— 1)°G,, Js Ia} (25.9) 
JeIade Ii toJs Je siade 
where = hh +tististist Je + Js The quantity G,, depends on eight angular 
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momentum parameters, It is therefore often called the 8j-coefficient. This name, 
however, 1s not entirely successful as G,, 1s essentially a ym-coefficient in which 
certain magnetic quantum numbers are zero 

The examples of the method of obtaining transformation formulas for Jm-co- 
efficients given in this section were intended merely as 1llustrahons. In practical 
calculations one meets with highly varied sums of products of Wigner coefficients and 
in the majority of cases the corresponding calculations are more conveniently carned 
out by the graphical method which was developed 1n Chapter III], Examples of such 
calculations will be given in the following chapter. 
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Chapter VI 


EXAMPLES OF APPLICATION OF THE GRAPHICAL METHOD 


In practical calculations both the summation of products of Wigner coefficients 
and j-coefficients and the simplification of these sums are of amportance, In the 
two preceding sections we have indicated how this may be done with the help of 
matrix algebra. In the present chapter we shall deal with the use of the gra- 
phical method of this purpose, As the graphical method 1s convenient for carrying 
out the summations, we considered it advisable to give a number of examples of the 
practical application of this method. 

In section 26 we give the general method of graphical summation of a product 
of Wigner coefficients over magnetic quantum numbers, together with srmple examp- 
les, In the next section we analyze a more complex case. Section 28 1s devoted to 
the summation of products of j-coefficients, In section 29 we consider an example 
of summation of a product of f-coefficients and a Jm-coefficient, At the end of the 
section is sketched a practical prescription for the simultaneous evaluation of a 
multiple sum over angular momentum parameters, 

Finally, section 30 deals with the question of choosing a method of calculation. 
The expediency of using two different methods of calculation 1s :ndicated and simple 
examples are given in which the graphical method 1s used to perform the summation 
and the phase factor 1s determined algebraically, 


26, Graphical summation of products of Wigner coefficients 


In this section we examine sums of products of Wigner coefficients in which 
j-coefficients do not appear explicitly. As we know, these sums arise from sums of 
products of Clebsch-Gordan coefficients, which do not contam transformation ma- 
trices in an explicit form. Our purpose 1m this section 1s to clamfy the graphical 
method of summation by means of examples, 

If the sum under consideration 1s a j-coefficient, 1.e., is summed over all 
magnetic quantum numbers, then 1n order to express the summation one must draw 
the corresponding diagram according to the method discussed 1n section 12, If the 
diagram obtained 1s not separable on less than four lines, 1t must be compared, after 
being brought to the form of a polygon, with the (conventionally) standard diagrams 
for the given number of parameters, The case of six or mne parameters will give 
the diagrams 16,1 or 18.1. Reduction of the directions of lines and of the signs 
(using the rules in section 12) to those in the above diagrams will give the phase factor 
of the required expression. For 12 parameters we will obtain one of the two diagrams 
in Figure 19,1 (for a 12 y-coefficient of the first kind) or the diagram 1m Figure 19,2 
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(for a 12 §-coefficient of the second kind), For 15 parameters the diagram obtained 
will be identical with one of the diagrams 1n section 20. The diagrams of 18 j -co- 

efficzents in appendix 3 give only one possibility for each 18 j-coefficient, without 

going into all possible forms, Consequently, 1f a diagram obtained fails to comcide 
with any of these diagrams, it should be re-drawn in another form. 

Should one obtain a diagram separable on less than four lines, 1t should first 
be separated by the method indicated 1m section 14, the separate parts should then be 
rdentified 1n the manner indicated above. 

When the sum under consideration 1s a jm-coefficient, one must make use of 
theorem (13.5) for the expansion of a jmt-coefficienf in generalized Wigner coeffi- 
cients, When using this theorem for actual calculations, one should draw a diagram 
representing the sum under consideration, choose a generalized Wigner coefficient 
and contract the two diagrams, The directions of free lines should be chosen 
appropriately 1n advance. The diagram obtained will represent a j-coefficient which 
is identified 1n the above manner and which will be the expansion coefficient in 
(13.5), To illustrate the method, we shall consider simple mstances of these sums. 

Let us first consider the sum 


Jt Ja Js henthomth—n 
F (: : . ) = — 1)" x 
rAls ee 26 ) 


. Bptia | cea | aa a). (26.1) 


The diagram of this jm-coefficient (Figure 26.1) 1s the sumplest nontrivial jm-coeffi- 
cient (the trivial case would have been the usual Wigner coefficient) with three free 


Figure 26,1 


lanes, In the given case the chosen generalized Wigner coefficient 2s a usual Wigner 
coefficient with the angular momenta j,, Jes Jap the graphical representation of 
which shows the lines issuing from a node. Changing the directions of the lines in the 
diagram of the Wigner coefficient, contracting 1t with the diagram of the jm-coeffi- 
cient and comparing the diagram obtained with Figure 16.1, we obtain the following 
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formula 


ue pyicmthomthom ‘i .. ( be ja fs ) ( ls Ja ‘) = 


Agtiofs me 2 me Me as, Me ms aa se 
= (— ais a e Je Js ) (26.2) 
bl, lz} \m, mg m,/" " 


which 1s a somewhat different form of (25.4). 
Let us now analyse in deta2l the sum (11.3), the graphical representation of 
which 1s given 1n Figure 26.2a. It 1s the simplest ym-coefficient with four free lines, 


Figure 26.2a 


provided we disregard the trivial case of the generalized Wigner coefficient with four 
angular momenta (three component and one resultant), 

Let us choose the generalized Wigner coefficient given by diagram V 1n 
Figure 26.2a, Jomuing the lines J), Jos jg and Jj, 1n this diagram to the correspond- 
ing lines »n diagram F (which retain their directions), we obtain diagram R, which 


Figure 26.2b 


can be represented as R’ (Figure 26.2b). Comparing R’ with the diagram of the 
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9 j-coefficient in Figure 18.1, we obtain ; 
hthwl, te ‘, {3 Js 
R=R =(—1)" . Lbs, ; (26.3) 
IaJn 
Thus from (13.5) we finally have 
> ( = aaa aa x 


A, MMs 
Ads 2 ( La js * ( ls Js if ( ls Ie *\ = 
iamea — Mq My Ny — Ng Ms Ny, — Ng Ma My 
|; Is ys 
= (ayy (yr ta hat x 
ate Jad2@ 
Ji ds @ aja Ja 
. ‘ef m3 4 ( —pmg a eee) 


Another advantage of the general formula (13.5) 1s that by changing the appear- 


ance of the generalized Wigner coefficient 1n 1t one can change the j-coefficient R, 


Figure 26.3b 


choosing it in the simplest or most convenient form, Thus by interchanging the para- 


meters jy, and j, 1n the generalized Wigner coefficient 1n our example, we obtain 


the j-coefficient R in the form represented in Figure 26.3a. Let us re-draw it in the 
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form R‘, change the direction of the line /, and separate R’ ona, f, Jy, using (14.5). 
We then find a: 
R=R'=(—1) R,:R, (26.5) 


(R, and Rez are shown in Figure 26.3b), Comparing the diagrams of R, and R, with 
the diagram of the 6j-coefficient in Figure 16.1, we obtain finally 


Si da Ja a \ 14+ 2ath—h—e 
F (axe pears ot = 2, (a yr .( 1) x 


x{ 8 | ae | Ns ") (  J3 is) 
Safa's) Vii te) \ map — ms mz (26.6) 


This last expression 1s a different form of the mght-hand ade of (26.4). Obtaining 
these formulas by the graphical method 1s considerably simpler than the derivations 
given earlier in section 25. 


27. A more complex product of Wigner coefficients 


In the preceding section we discussed stmple examples of the summation of 
products of Wigner coefficients, In this section we will examine a more complex 
example in which there are five magnetic quantum numbers which are not summed 
over. 

Consider the following sum of a product of seven Clebsch-Gordan coefficients 


} ope ee 
> ( — 1)'* (Rsggrng | Rs 5,77,) (R’sg5y) | h’549'm) X 
x (45M | sy pay) (45, Paes | sy Ma) x 
X (1o52JoMo | lose Warts) (less gm | L953 gM) x 
x (HA! yA — pips) (27.1) 

(the summation 1s over ,, M2, ™,', Me’, py’, Hg, My, My) which occurs in 
/Simon 1953/. The sum (27,1) 1s somewhat different from the sum (2.9) 1n the latter 
work, as it 1s wmtten in the form which would result 1f one always placed the complex 
conjugate functions 1n the left-hand side of the matmx element in the calculations, 
Further, we have retained all the summations and have not particulanzed the values 
of pt, and !,, which are usually zero, and of #1, which isthen g’—g. If we express 
the Clebsch-Gordan coefficients in terms of Wigner coefficients with the aid of (5 2), 
then, apart from a trivial factor, the sum (27.1) will be reduced to the following 


jm-coefficient 
C= > (— acacia a a a 


( kh \(C $3 *) fe s Sh ) 
x gs 6 é e tA x 
—g —m, m,/\¢ m, —m/ \p, m, —M, 


e Ss a (; i = ( aa Beet ine me) (27.2) 
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The diagram of this Jm-coefficient 1s given in Figure 27.1. 


Figure 27.1 


Let us now expand the jm-coefficient C in generalized Wigner coefficients with 
the help of (13.5), choosing for the generalized Wigner coefficient the expression V 
Corresponding to the diagram shown 1n Figure 27,1. We have 


C= > (L)(I)RV. (27.3) 
Li 


To obtain the diagram of the j-coefficient R, one must join the lines 4,, 4, h, h’, I’ 
in diagrams C and V, with the directions as in diagram C, The diagram R thus 

obtained 1s shown 1n Figure 27.2. This diagram 1s separable on the three lines J,, L, 
Ja. The j-coefficient R therefore decomposes into the product of two j -coefficients 


R 


= ? + 


Figure 27.2 
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with fewer parameters, So as to make use of (14,5) we change the direction of the 
lane Jy. We then obtain the new f-coefficient R’, where 


R=(—1) R. (27.4) 
From (14.5) we have 


R= X,- Xz. (27.5) 
The diagrams X, and X, (Figure 27.3) are not separable on fewer than four lines. They 


Figure 27,3 


correspond to 9j-coefficients. This will readily be seen by re-drawing, say, diagram 
X, inthe form ofa hexagon (Figure 27.4). Comparing this diagram with diagram 18.1, 


we find 
Jv sy 
Xy=(—1)70LU k’f, (27.6) 
Js 42 83 
where 


Gem hth +l+2f,+2)2+ 
+2L42s,+2k' + 2h. (27.6a) 


Analogously we obtain 
Tas 
ma(- hfe k } (27.7) 
2 be Se 
¢, = 2/,4+21,+25,+ 21. (27.74) 


The algebraic expression for the generalized Wigner coefficient V 1s 


_peL- l ae kL ( vr oL 
1-Pp+L-M 1 
al a. oon —P Ba/ \p “ail “\-p'd _m) a 


Here summation 1s actually limited to the single term in which {J = [lg — J, and 


Figure 27.4 


where 
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M=q' —p =¢+ ),—},. Introducing all the expressions obtained into (27.3), we 
obtain, for p, =p, = 0, 


cy Sy hy sy 
a a 2(-) (L)()\ LI k x Y x 
Js 43 55 


( kL ( VR oL 
A comparison with (25.8) shows that in (27.9) we have, apart from a trivial factor, 
the so-called 8 j-coefficient (see the end of section 25), 


28. Summation of a product of j-coefficients, 


In practical calculations one frequently encounters sums of products of j-co- 
efficient over one or several parameters, The result of this summation is again a 
j-coefficient, the diagram of which may be derived from the mules 1n section 15. In 
certain instances this diagram may be separable on fewer then four lines, the j-co- 
efficient one obtains will then decompose into the product of simpler j-coefficients, 
To calculate the f-coefficients obtained upon summation, they may conveniently be 
expressed 1n terms of sums of products of j-coefficients with fewer parameters. 
Various expressions of this land can be obtained by the method of separation elaborated 
in section 14, For numerical calculations 1t 1s preferable to have sums of the least 
possible multiphcity, containing j-coefficients with the smallest possible number of 
parameters, Such formulas are given for 9j-, 12j- and 18 j-coefficients in terms 
of 6f - and 9f-coefficients in sections 17-20 and 1n appendix 6, As extensive tables 
are available only for the 6 -coefficients, the 97 -coefficients entering into the ex- 
pressions under consideration may be expressed 1n terms of the latter, although this 
will increase the multiplicity of the sum, 

If the original sum 1s n-fold and the resulting diagram is not separable on less 
than +3 lines, the multiplicity of the sum cannot be reduced, However, by deter- 
mining and then separating the diagram which represents such a sum, 1t may be 
possible to express the sum 1n different forms and sometimes even to simplify it. We 
shall illustrate this with a simple example. 

It 1s easy to verify the following identity /Vizbaraite and Jucys 1959/ for the 
12 j -coefficient of the second kind 


jt Jada te joe ‘ a? ‘ = 
Lil j=(- > ( x)\ Roti le fy Rass 4p. (28.1) 
hk, Ry Ry Beg 7 Ja Py I Nig Rely 


The graphical representation of this 12 j-coefficrent 1s given in Figure 19.2, Assume 
that we are trying to evaluate the sum 1n the right-hand side of (28.1) and have found 
its diagram. It 1s separable only on four (1+3) lines, It would therefore seem that 
the sum cannot be simplified, If, however, after separation on the lines /,, J,, d, 
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and J, one joins the hne 4; to & and J; to J, then the two resulting parts will be 
separable on three lines, This reduces to a single sum of a product of four 6 j -coeff1- 
cients (formula 19,3)). The multiplicity of the sum has not changed, but the summed 
product has been simplified instead of the product of two 97 -coefficients (each of 
which, from (18.2), 1s summed product of three 67 -coefficients), we have a pro- 
duct of 6 j -coefficients, 

In most cases summation results in a marked simplification of the expression 
under consideration, As an example of this, consider the following formula /Anma 


et al. 1954/ a 
— x — x Bae “ ie | 


= ] e (*) e CT = 
2: () (9)¢ ) Je eta diy kA aA age 
ay ijk 
h+h,—ji-l, J fide l, Ij 
= (— 1) TEAM. . ye, (28,2) 
Jet h 
Rk, ky 


which expresses a double sum as a simple product of 67 - and 97-coefficients, We 
shall illustrate the graphical summation of j-coefficients with this characteristic 
example, 


Figure 28,1 


Let us denote the required sum by K and note that from the "multiplication 
rule" of section 15 the product of the three 6 j -coefficients in (28.2) may be represented 
by the diagram K, in Figure 28,1, K can then be written as 


K = 0 (= 1" a) (9) Ke (28.3) 
xy 
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where K, 1s the 97 -coefficient in Figure 28.1. We change the directions of the lines 
K, and kin diagram y, and obtain 


2h+2y _., 2h+2f, +24; 
Ky=(—1) P Rp=(- 1), (28.4) 


where K, is the j-coefficient represented by the diagram K, after the directions of 
these two lines have been changed. Using the multiplication rule for the product 
K; -K,, we obtain the diagram K,;=K, K,. The original sum then becomes 


K=F ()(9)(— py PtP Det ae pa 


zy 
We change the sign of one of the nodes of the lane 9 so as to be able to use the 
"summation rule" of section 15, This gives 


—Jar iw Io~ 24, 23; , 
K=(—1)” Tea >, (x) (y) Ki. (28.6) 


ay 
The summation 1s carried out by dropping the lines ¥ and y from diagram K; to- 
gether with the adjacent nodes and joining corresponding lines, as a result we obtain 


Figure 28,2 


the diagram Xj 1n Figure 28.2. Re-drawing 1t as Xq and changing the direction of 
the line /,, we find 


X= X,=(— 1)" Xo (28.7) 


Separating X, on the lines 4, J, and y, we obtain the two diagrams Y, and Y2 in 


Figure 28.3 
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Figure 28.3. A comparison of 18.1 and 16.1 gives 
rnd 
Y,=(-— 1) Jha (28.8) 
and k hy he 
hy 
Sof Wy 


R+Ay thts 


Y,= on iy (28.9) 


Finally, introducing 


DO) Ki=X.=(— 1)" ¥,¥p, (28.10) 


in (28.6), we obtain the pan (28.2). 

We end this section with an example of the simplification of a jm-coefficient 
when one of the parameters 1s zero. Assume that &y = 0 2n the 12 f-coefficient of the 
second kind (Figure 19.2), Let us 1ndicate the directions of the lines and the signs of 
the nodes adjoining the line ky to correspond with the diagram 1n Figure 14,5. Todo 
this we. must change the directions of J, and J, and the sign of the node at which the 
lines 4,j,k, meet, For k,=0 we obtain for the 12 s-coefficient of the second kind 

24,421, +1, +4; 


-} 
(-1) (h)(4)] 8 Gas 4) 8 (iss 4) X. (28.11) 


Separating the diagram X (Figure 28.4) on the lines &,, kg and k, (for this 


Figure 28.4 


we must first change the direction of ky), we find 


X=(-1)"¥,Y> (28.12) 
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Comparing the diagrams Y, and Y, with the diagrams 1n Figure 16.1, we find 
pao e 


=(—1)’ ke l, ky ° (28,13) 
Ath-kthf Aiti ! 
¥,=(-1) eee ; (28.14) 
From (28.11)-(28.14) we finally obtain 
Ii Seda Ja Lys ‘ 
hehthols “2[fse ml kj, ! 
lel ls | =(—N) [are] ‘{ ek .} Lk , (28.15) 
hy O hy hy 


which 1s essentially 1dentical with (19.10) 


29. Summation of a product of Wigner coefficients and J-coefficients 


In this section we will give an example of the graphical summation of a product 
in which both Wigner coefficients and j-coefficients appear explicitly. The summa- 
tion may extend over the angular momentum and the magnetic quantum numbers, 
Consider the sum 


atr+k-g a fe h . 
~ (n )(r yan (i ni | =~ ns 4) 


nkr nkr 
lend 
Shi pys abo : (29,1) 
i i r 3 5 28 
iJi Ife 


Summation over the magnetic quantum number g gives the jm-coefficient V (the 
generalized Wigner coefficient of Figure 29.1), The required sum may then be 
written as 


H= > (— \\""" (n)(r)(R)VWX, Xz, (29.2) 
avh 


The individual factors in the above are represented in the diagrams in Figure 29,1, 

where for convenience identical nodes have been indicated by (the same) numbers. 
Let us first sum over k, applying the rule for the summation of a product to 

V X, Xq. In order to do this, we will have to change the directions of the lanes n, k, 

7, I, and I} inthe diagram X3, This will bring us to the diagram X3. Now, 


X,=(- 7 ee 3» since 2n+ 2k-+ 2] 1s an even number. We have 
H= (= 1)" (n)()-(= 1). Y (AVX X= 
w h 
= (1) 08 & (= I ny (ny WA, (29.3) 


a? 
The diagram of the ym-coefficient A is obtained from the rule for the summation of 
a product. Separating the lines adyomung the line & in diagrams V, X, and X, and 
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Figure 29,1 


dropping all parts which contain the hnes &, we obtain the diagrams in Figure 29.2, 
The numbers at the ends of the lines indicate the number of the node to which the line 


Figure 29,2 


converged before separation, Joining the free ends of corresponding l:nes*, we obtain 
the diagram in Figure 29,3, The jm-coefficient A may be summed over m with the 
"summation rule" for one gm-coefficient (section 15), To do this one must first 
change the orientation of one of the nodes 6 so as to make them the same, and change 
* Jn certain cases, 1f the lines are labelled by angular momenta alone, there may be 
more than one pair of free lines with the same index in the separated diagrams. 
An additional label would then be required to define "corresponding lines" unmquely, 
and this is the number of the node to which the line converged before separation 
of the diagrams, It would be seen that lines which correspond "non-sigmificantly" 
converged to different nodes before separation, 
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| | 
+ a 
Figure 29,3 


the directions of the lines $ and s’ in the mght side of the diagram, This gives the 


new diagram A’, where A = (— ) ania am (— hae A’, We therefore have 
2, +215 ttt ; 
H=(—1) X(-0) OW 4 = 
intitete 


=(— > )(-19 y. B. (29.4) 


The diagram of the jm-coefficient B 1s given in Figure 29.4. Summation over fr 1s 
carried out by applying the rule for the summation of a product to W-B. One should 


Figure 29.4% 


first change the orientation of the node 5 and the direction of the line W in the dia- 
gram j,, and the directions of the lines j, and jy, 1n the diagram B, This gives the 
diagrams W’ and B’, so that 


H=(— j)Pataetsts’+ pts tie x > (r) Wy’. B’, (29.5) 


4 
Dropping the parts containing the line r in the diagrams W’ and B’, we obtain the 
diagrams in Figure 29.5. Joining the ends of corresponding lines (converging to the 
same nodes), we obtain the diagram C (Figure 29.6), Thus we have, finally, 


He(=i  G. (29.6) 


Now, 1f we wish we may write the jm-coefficient © as a sum of products of 
six Wigner coefficients, Then the conditions that they do not vanish can be used to 
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reduce the number of summation parameters to two, instead of the seven in the original 


Figure 29.5 


We will next show how the three parameters n, R and r can be summed over 
simultaneously. We note that in the process of summation we had separated all lines 
adjacent to the lines m, R and r, dropped all parts containing these lines and joined 


| C 
b-hhs 4 


bth” | 
Figure 29.6 


the ends of corresponding lines converging to the 
same nodes in the remaining parts. We can there- 
fore proceed as follows. We onent the nodes and 
direct the lines adjacent to the lines of the summation 
parameters in such a way that the summation may be 
carried out over any of the parameters, In our 
example, this means that we must change the onen- 
tation of the node 5 and the direction of the line , 

in the diagram W, and the onentation of the node 6 
and the directions of the lines n, k, r, 8’, jo, fg, Uf, 
S$, J, nthe diagram Xq (1. ¢., immediately intro- 
duce the changes which were earlier carned out 
through various intermediate diagrams), Next we 


must separate the lines adjacent to the lines of the summation parameters and drop 


: i hf 
4 
/ 1 
+ 


Figure 29,7 
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those parts of the diagrams which contam these lmes, In this example we are then left 
with the diagrams 1m Figure 29,7, Joining the ends of corresponding lines converging 
to the same nodes, we obtain the diagram of the sum. For our example, this 1mme- 
diately gives the diagram C, In the general case, the validity of this rule for obtain- 
ung the diagram of a sum 1s evident 1f one can assume that when the summation 1s 
performed step by step, after the summation over each parameter 1t 1s possible to 
further sum over one of the remaining parameters with the aid of our rules, For this 

to hold true the original expression to be summed must satisfy certain conditions, which, 
however, have not yet been established. All sums encountered 1n practice satisfy this 
condition, Presumably it 1s related to the requirement that the result of the summa- 
tion be a jm-coefficient, 


30. Choice of a method of calculation 


In sections 26-29, 1t was shown how various transformations of sums of f-coeff1- 
cients and Wigner coefficients are carried out by the graphical method. These trans- 
formations may also be carned out algebraically. This requires the use of identities 
such as the ones given in appendices 6 and 7, which are usually obtained from matnx 
identities as described 1n sections 24 and 25. 

Each method possesses certain advantages and disadvantages, 

The algebraic method 1s convenient only when one has a sufficiently complete 
lust of sum rules and transformation formulas for g- and ym-coefficients, The main 
drawback of this method 1s 1ts lack of generality for each concrete case one must 
choose the appropriate transformations leading to the required result, often a very 
difficult task. It should be noted that once the method of transformation 1s known, 
the use of algebraic formulas gives the final result rather rapidly. 

When the graphical method 1s used, j and m are summed over with the help of 
two standard rules which are applicable 1n all cases without exception. The number 
of elementary operations 1s somewhat larger than when algebraic formulas are used. 
The result of the summation 1s a jm-coefficient obtained 1m the form of a diagram. 
The method of transformation 1s easy té guess owing to the clarity of the graphical 
operations, 

In certain cases 1t 1s convenient to combine the two methods, Use of non- 
oriented diagrams makes 1t possible to establish the result very rapidly up to the phase 
factor. If one can thus discern the necessary algebraic transformations, the phase 
factor can be found by carrying them out. Usually, however, this 1s possible only 1n 
cases which are not very complicated, Using non-oritented diagrams, one can foresee 
the usefulness of algebraic transformations, while it 1s usually impossible to tell by 
wnspection whether or not an algebraic sum can be evaluated. 

As an 21llustration of the use of both methods 1n conjunction, let us consider the 
following example 


Ll, xf. (30.1) 
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We draw the 6 -coefficient and the 9 -coefficient with the lines of the summed 
parameters lying close to each other (Figure 30.1), but without paying attention to 


Figure 30,1 


the directions of the lines or to the signs of the nodes, We drop the parameter ¥ and 
the nodes adjacent to 1t, and join corresponding lines, as indicated in Figure 30,1 by the 
the dotted line, We re-draw this diagram as 1n Figure 30.2, This last diagram 1s 


Figure 30.2 


separable on the three lines jg, Rk, and 7. Further, again disregarding the directions 
of lines and signs of nodes, we separate it into two parts and obtain two 6f -coeffi- 
cients (Figure 30.3). We then write 


=(—1? ete He ‘a 
P =(—1}) ” rae hy Bele (30.2) 


where @ 1s to be determined algebraically. 
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Figure 30.3 


From (18.5) and (18.2) we may write 
Jota hi wa 
P= oe : As eh f= Senin? {7h Lae a | 
hy hy 7 : 
hx, Ry ky ky 
2 hed ¥ Se be . 


Here in accordance with the orthonormality condition (24,2) of the 67 -coeffic1ent 
we have, for the first and the third 6/ ep ate 


IsJ 4, 
Lee, oe ee yh, | TBM). (30.4) 


Introducing this equahty in (30.3) and comparing with (30.2), we find 


(30.3) 


9 = 2). (30.5) 
Then (30,1), (30.2) and (30.5) finally give 


gh ja’ 2s dudes \ f Ae ha hs 
Z| ly = he = = (TAH rae 629 
The following formula may be established in the same way 

Ni Ia Js 

L&e js 

hy ky Ry 


“scot mee) an 


This formula can be obtained from (30.6) by permuting the first two columns 1n the 
97 -coefficient and subsequently renumbering the parameters 1n these columns 
We must point out that these examples are rather simple, and neither method 


>> ( a ya ere 7 jsd L 7 | 


of calculation will present particular difficulties. These examples were merely used 
to show how to proceed when calculations must be carred out. Obviously, 1t may 
sometimes be useful to carry out the calculations by both methods entirely for pur- 
poses of checking. 
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Chapter VII 


TRREDUCIBLE TENSOR OPERATORS AND EXPRESSIONS 
FOR THEIR MATRIX ELEMENTS 


One of the principal applications of the mathematical apparatus discussed 1n 
the preceding chapters 1s the calculation of matrix elements of operators. This cal- 
culation may be simplified by the use of irreducible tensor operators, The corres- 
ponding methods have been developed by Wigner /1931/ and Racah /1942/, and it 
1s in fact 1n their application that the mathematical apparatus descmbed earlier was 
evolved, Use of these methods substantially simplifies the calculation of matrix 
elements. 

The present chapter briefly discusses methods of calculating the matnx ele- 
ments of irreducible tensor operators. In section 31 we consider general aspects of 
this method, The following section is devoted to the products of irreducible tensor 
operators, Section 33 gives expressions for the matmx elements of tensor products of 
two irreducible tensor operators, The next section gives an example of calculation 
of matrix elements of the tensor product of four irreducible tensor operators. The 
last section deals with irreducible double tensor operators and their products. 


31. Irreducible tensor operators and their properties 


The question of decomposing tensor operators to an irreducible set 1s closely 
related to the reduction of the tensor representation of the three-dimensional rotation 
group. The 3” components of the tensor T,,, ..,, of rank r form the basis of the 
tensor representation (, which 1s the direct product of the vector representations 1! 
of the rotation group 

C2aVweVxu...xY = (r times) (31.1) 


Decomposing the representation C, we obtain 


T=} aD, (31.2) 
, h 
Here @, indicates the number of times the irreducible representation C appears in 
the decomposition of Dy. We have the obvious equality 

> aX2k+ 1) =". (31.3) 
h 

The decomposition of € amounts to transformation to a new basis consisting of the 
quantities TZ; (g== —k,...,) which are linear combinations of the quantities 
Ti. The set of (24+ 1) quantities T; with fixed & forms the basis of the irre- 
ducible representation (D, of the rotation group. This set 1s the 1rreducible tensor T’ 
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of rank k with components T. The transformation properties of an 1rreducible 
tensor can be expressed by its commutators with the infinitesimal rotation operators, 
From (1,4) this reduces to the following commutator with an angular momentum 


[J.. 7; ] =qT;, (31.4a) 
(Jed, Tt ]=[eFoet at )] Ths (31.4b) 


These commutators are naturally identical with the commutators of the sphencal 
functions Yn; since the transformation properties of these quantities are the same, 
This considerably simplifies the calculation of matrix elements of irreducible tensors 
as compared to those of reducible ones. 

In the main, contraction, symmetrization and anti-symmetrization are the 
processes used to decompose a reducible tensor into a set of irreducible ones, The 
detanls of this reduction may be found in manuals on the theory of group representa- 
tions (e.g. , Gel'fand et al, /1958/). We will give a summary of the results for the 
cases of greatest practical importance, namely F=0, 1, 2. For #=0 we have the 
scalar 


T= T?. (31.5) 


For r= 1 (vector) the tensor representation € e=‘Y and is therefore equivalent to 
(D,. We have 
: To=T, 


! . 
T= ¥ TF (T, + ‘T,). (31.6) 
For f= 2 (second rank tensor) C=%) x‘Y = and 1s therefore equivalent to 


Do-+ D+ D,. A reducible tensor of the second rank can thus be decomposed into 
irreducible tensors of ranks R = 0, 1, 2. Their components are given by 


= - og (TF ws + Tyy+ T32) (31.74) 
Ty= Fp (To Tye) (31.7b) 
Thi = F 5((T.— Tes) ¥ (Taz — Tae) 
l 
T= Fe [2Tus— Tx Tr] 
+ ¥(TtT..)-i(T,,+Ts)} (31.7c) 


l 
Ti, = 5{ Te —T,+1(T.,+ T)}. 
The normalization 1n (31.6) and (31.7) 1s so chosen that 


>t. eet Tass root. = dt = 1) gl : (31.8) 
feood, 
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Let us consider the matrix of the irreducible tensor J* 1n the system of e1gen- 
functions of angular momentum 


(ajm| T*| a's’ m’) 


Here @ 1s the set of quantum numbers which completes the set. The dependence of 
this matnx element on m, mi’ and @¢ 1s fully determined by the transformation (geo- 
metrical) properties of the tensor T*, whence 1t follows /Wigner 1931, Racah 1942/ 
that (the Wigner-Eckart theorem) 


(ajm|T*]a'j’m)= (— al ( ped ) (aj T* a's). (31.9) 
\—-mqm 


The above 1s the fundamental formula in the algebra of tensor operators, The phase 
has been so chosen that when the graphical methods of Chapter II are used one auto- 
matically obtains the phase factors required there, The quantity ( }] |] ) 1s unde- 
pendent of m, m’and q and 1s called the reduced matmx element of the tensor T*. 
The set of these quantities forms the reduced matmx of the tensor. For the reduced 
matrix of the hermitian conjugate tensor one readily finds /Racah 1942/ 


+ r) ey 7 
(aft e's =(— 19% (7 T lh as)”. (31.10) 
If the tensor 1s hermitian /Racah 1942/, then 
TH =(—1)'T, (31,11) 


and (31.10) reduces to 
(afIT* he’s) =(— 1) (e's Tes), (31.12) 
2.e, , the reduced matmx 1s not hermitian, It 1s useful to bear 1n mind that for the 
scalar operator T? 
(a ym |T?| a’ 7’m’) = 8(7,79") 5 (m, m’) (7) 3 (aj || T° |] a7). (31,9a) 
If the scalar operator 1s T$ = 1, then its diagonal element 1s equal to unity and from 


(31.9a) we find 
(ay || 1 |fe’s) = 8 (a, 0") (s)4. (31.13) 


A similar method 1s generally used for the calculation of reduced matmx ele- 
ments, Using the definition of the operator, one calculates the simplest matnx 
element directly, the reduced matrix element can then be found from (31.9), 


32. Tensor products 


Let us consider the two urreducible tensors T”’ and U", Multiplying all the 
2%, + 1 components of the first tensor by all the 24, + 1 components of the second, 
we obtain the (2, + 1)+(2, + 1) quantities [T” x U"}, These quantities are 


components of the tensor (T™* x U*], which 1s the direct product of the tensors T” 
and U™, Its components transform according to Dp, x Dr, and this tensor 
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therefore decomposes into irreducible tensors of ranks A=[&y — A, |... 2+ &,, which 
are Called tensor products of rank Rk, In complete analogy with the coupling of an- 
gular momenta, the components of this product are given by the following formula 
/Racah 1951, Fano 1951/ 


h 
[Tx UM] =F Tet Us: Catetata | Arka 
Ge 
It 1s easily verified that this tensor satisfies the conditions (31.4). 


Using the unitarity property of the matrix of the Clebsch-Gordan coefficients, 
we obtain & 
h 
Ty, Ug = y(t xU ‘| (Ryhakq | ky het 49). (32.2) 
hg 


The rank of the product can be zero only 1f k, = k,. Then (32.1) becomes 
0 
[7 x U" |= 2GM—a kk00)T? UL,. (32.3) 
q 


(32.1) 


Using (4.9b), we obtain further 
[7 x u'| = (=I (K)-F D(—1' TH UL. = (3204) 
q 


This quantity 1s a scalar, and while 1t would have been natural to regard it as the 
definition of the scalar product of two tensors of the same r.nk, the traditional defi- 
nition of a scalar product 1s not identrcal with‘(32.4), and is related to 1t in the 
following way 


(T’-U) = D(— 1) T; UL, =(- 1) (k)t [T* x U* |. (32.5) 


The advantage of the above definition over (32.4) 1s that for the case of vectors 
(k= 1) 1t coincides with the usual definition of the scalar product of two vectors, this 
may readily be seen by introducing (31.6) mm (32.5). 

For k, =k, =1 and k=1 the defimtion (32.1) 1s not identical with the usual 
vector product of two vectors. The following relation may easily be verified 


[A.B] = —il/ 2 [as x Bi)’ . (32.6) 


Here A and B are vectors and by A! and B} are meant the same vectors in the 
spherical basis (31.6). The left-hand side of (32.6) 1s the vector product of the given 
vectors, 

Making use of the symmetry of the Clebsch-Gordan coefficients, one can 
readily verify the following relation 


[7 x ur] =(- 1yhthth 1)! (T* x uy (32.7) 


provided T* and U" commute and are hermitian, 1,e., satisfy (31,11), The above 
equality shows that the tensor product of two hermitian tensors 1s hermitian when and 
only when k, +k, +8 1s an even integer, otherwise it 1s an anti-hermitian tensor. 
One such tensor is, for example, the product [A! x B!J}, 
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Generalizing (32.1) to the case of an arbitrary number of tensors, we wnte 


[Tx US x... vn] = > TH Un ++. Yer x 


4, eee - 


x xr 1+ RaGn (Ry oe: ,)* Kh). (32.8) 


Here instead of the usual Clebsch-Gordan coefficient we have the corresponding 
generalized coefficient defined mn (6.16), K 1s the set of ranks of intermediate pro- 
ducts, the number of which 1s 2-2. Generalization of (32.2) brings us to the follow- 


ing formula : 
TH UM Y= D[ Thx Umx ... x Ve] x 
€2 de ie 


x (ey - + Ay) Khg | Aya «++ Bate): (32.9) 


The concept of a scheme of addition of angular momenta introduced 1n sec- 
tion 6 must be replaced by the concept of a scheme of multiplication of tensors (or 
of addition of ranks of component tensors) in the case of multiplication of tensors. 
The passage from one scheme of multiplication to another 1s carried out exactly as 
for the eigenfunctions of coupled angular momenta 1n accordance with (8.1), 1.e., 
with the aid of the transformation matrix. As we know, the elements of the latter 
may be expressed in terms of the y-coefficients, 

The algebra described above 1s vahd independently of what coordinates are 
acted upon by the individual tensor operators 1n the product. When calculating 
matrix elements 1t 1s convenient to express products of tensor operators 1n a form in 
which the operators acting on the same coordinates are adjacent to each other, This 
may be accomplished by changing the scheme of multiplication of the tensors with 
the aid of a transformation matnx. 


33, Expressions for matnx elements of products of tensor operators 


Let us consider the matrix element of the product (32.1), 1n which the two 
operators act on the same coordinates, We have 


(a jm [ T* x u*) a’ i'm’) = D)Chrka%% | Aykghg) (ajm| Th | a" jm") x 


ane 
x(a" j*m" | Ul | a’ j’m’)- (33.1) 
We apply (5.2) to the Clebsch-Gordan coefficient and (31.9) to the matrix elements, 
We sum over the three Wigner coefficients thus formed with the aid of (26.2) and ob- 


tain h ° 7) 
; bo ttl | rete) Hy tithe J RS 
(aim|[ 7 x U J Jem) = at ¢ 1) t7 +*.(—]) (7 are 
x LEAT Has) (wr s7pumyarey{% % Th a3.2 
ars" I 33 
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Comparing (33.2) with (31.9), we obtam the formula for the reduced matmx element 


of the product 
(«il Tx us) a's’) =k (— 1 te +* x 


x Fast] Taj") a"j" Us Wars | hn A (33.3) 


In particular, for the reduced matmx element of the scalar product we have 
(asi(T* -U*) 0's") = 8,7)? x 
xD (— 1 F(a T0797) (a" i? ]U" f]a"s): (33.4) 


arge 

Let us a meee the tensor product (32.1) in which T” acts on the coordi- 
nates 1 and U™ on the coordinates 2, In such cases the eigenfunctions @jm are 
usually constructed by coupling the angular momenta 7, and jo, the eigenfunctions 
of which depend on the corresponding coordinates, In this case 


(srivsriaim|[ Tx UM] | aif atis'm’ ) = 


= > Giasz jm |iyjg mm) x 
mma mt! 


X (hy h291Fe | Ryhaha) iso 2 3 | $5 527"m’) x 
x (yf, | Te | a5 41 mi) (eg je tg | U2 | ps mm). (33.5) 


Proceeding as 1n (33.1), we obtain a sum of products of five Wigner coefficients, 
Summing it as in sections 26 and 27, we obtain 


(«sis snisim|[T* x UMP |a3 i 5787" m) = [anne]? x 


x (J, 1] T™ |] e171) (@ere | UI] as75) x 


, iJ hy 
cd k J e oe 
x(— 1)’ es al Ja Ja Rep (33.6) 
jfk 


Comparing (33.6) and (31.9) we obtain the formula for the reduced matmx element 
of a tensor product the factors of which act on different coordinates 


‘ } nh’ 
(an aais||[T* x U] | aistaiss’) [WG] his 
% (44; |] T™ |] @44;) (ere ] U Il ap2)- (33.7) 
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For the scalar product (& = 0) the above formula can be simplified 


(ej, cared NCT* -U* yi otis asses’) = (4988 (y,7’)(— I tAP? x 


eee BIN a fT qarit) (earel| Ue /9. (33.8) 


From (33,7) one can obtain convenient formulas for the reduced matrix pee 
the operator which acts only on the coordinate 1, To do this one must set U™ 
kh, = 0, hk, =k and make use of (31,13). The result will be 


(ayn eaiaill TP Weiss 25187) = Ben a8 Uns) [O)G |" (= Ihthtr't® x 


x (" J ‘ea nT? ety). (33.9) 
J 


og 


2 
Analogously, for the operator which acts only on the coordinate 2 we will find 


1 
(ay J, Qa jas | U* If ey} cg. 737’) = 8 (ys 1) 8 42,1) [ 1)( i) (— yrti’tite y 


“f? ds ° 1A fee jal U" Mag 3). (33.10) 


The last two formulas correspond to (44a, b) 1n Racah's work /1942/, In the first case 
the operator commutes with J, and im the second case with Jj. 

The fundamental formulas of the algebra of tensor operators are (31.9), (33.3) 
and (33.7). All the rest are particular cases of these. When a large number of ten-~- 
sors are multiplied 1t 1s not expedient to look for general formulas for the matnx 
elements, as in such cases the calculation 1s carned out by repeated application of 
the formulas for the product of two tensors. Examples of such calculations are given 
in the next section, 


34, Calculation of matrix elements of complex products of tensor operators 


In this section we shall consder concrete examples of complex tensor products, 
that 1s to say, products of more than two tensors, We will choose examples which 
are characteristic of the calculation of matrix elements. We will therefore not be 
interested in the radial parts of the operators and will not wmte them explicitly. 

Let us take a product of the following form 


[Tx Ux Vx W w*) = -((7" xt un) x [vx val » (34.1) 


Here the supplementary superscripts #, J, /, m imdicate the coordinates which are 
acted upon by the corresponding operators, We assume at first that i=Jj==1, and 


1i1 


le=m=2, Next using (33.7) and then (33.3) we obtain 
° o tp, i 2 3 3 3 02° 9 29 of 
(orineaas it TX us)’ X [v" x aT @1J SaJoJ )= 


= [AUG ad] — DATE tH AHHH hn 


x Di Carsal Tags i) (ais |] Ul ap x 


ar Harte 


X (agfq iV" I] og 73) (ae ss |] W If ocgs's) x 
softs he hal (* he Boa? 72 8 
: Jo Fa Raat (34.2) 
Vit hs Kn i Je J3 j itk 


If t:=e/=21, and y =m=2, then it is convenient to change the order of the multi- 
plication of the tensors so that the operators which act on the same coordinates are 
multiplhed »mmediately, With the aid of (23.7) we obtain 


k, ko k 
(e XU] x [Vx we] "]- = Zl 0 ad Grad rd] an h ms 
his bes A 


x[ [™ x ve) x [ur x wy" (34,3) 


To find the expression for the reduced matrix element of (34.3) we first make 
use of (33.7) and then apply (33.3) to the individual elements obtained, We find 


ll T* x uy" [v x wy 


me x as 1)” +5; + her tsi tls + hn [@) (aa) (Rea) (/) un}* 
ars i ass: 
Ra hu 


hy Re fis) (ia Ji Mas 
% Oya) Chas I hs ‘y fa fe Po hy a haa \lde ih hee \X 
hah ie kas bay ji k 
(a, 4, TI) a F2) (ag s tN Vf asx 
X (ef l| U |] 372) (ass | W* I ezss). (34.4) 


(« jy ahi aij! oui’) = 
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Summation over yg and eg by the graphical methods leads to the following 


(4 Ji %pFoJ [ Th x u*)” x [ve x vty 


= (A 1) te titsi tk th G (bys) Cod) aun} - 


A571 55s 


x (a, J, Il T* lary) (erst I v" I] 37g) (are II U" ll @37'o) Cass 3 Il w"| GJ 9) X 


result 


ais a4") = 


nig FT hoy 
xi jt kg (34 5) 
Ry Ry Rag Rag hy hy 
In the numerical evaluation of this sum one should make use of the expansion (20,3) 
for the 15 7 -coefficient of the third hand. 
If mn (34.1) #= y= /=1 and m=2, then the product should be transformed as 
follows 


({ Tx us)” x [v' x wy) i ot) Rial [Caa,) (hues)]* x 
ies 


1 1 his t F) 2 . 
Py Ry Rag { Thx u*] Xx vy x Ww |. (34.6) 
R Rye Rasy 


Here the transformation matrix is simplified 1n accordance with (9.2) and expressed 
in terms of the 6) -coefficient. Applying (33.7) once and (33.3) twice we find 


(aA Geos | [ [ Tx UN) = x[v* x wy Tl aii ous) = 


(— 1t* + hig th th, 5) + kiss $5)" 4), thu 
Bist oe 


x [4 Chas) (099) * Gres) 
phe Fe Aaah Mai Rg sed | ke hx 


ko Rye Ayes 1. qi AK 
Ji dy Riss 
X lig to hy x 
i jk 


X (ari, IT als 7) (ars ZU" ai i%"’) x 


x (09754 VV" | ai 73) (easel W |) 27). (34.7) 
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Summing over kjg,, we obtain 


[ T* x us)" x(v x a ] 


oy f" 2 
=(— [yf the +) ~j'~k, ~™ +H Ch) (baa) (hy) (7) Gi} x 


(a4 Befof 


aisieuiti’ )= 


x Xe ae k, hk, ah x 


97 ef yp 
Oe ae ha 1A A 


hog hy Sa ih 
x ke fh) yp X 
ine | ns 
x (aq, || T* ets (egs7 i Ul al 72") 
x (a5 79" IV" I] 575) (ese ll WI] 272). (34.8) 


In the phase factors of the above formulas we took into account the fact that the 
ranks of the tensors are integers. 


35. Double tensors, their products and matrix elements 
In many cases it 1s convenient to introduce the irreducible double tensors T'* 


with components Tes (Q,= — Ry, e+, yy Wg — Rg, «00, Ry) The 2k, +1 
components of this tensor with fixed @g and different g, form the basis of the irre- 
ducible representation Dz, upon rotation of one space, the 2k, + 1 components with 
fixed @, and different gg transform according to Dz, upon rotation of another space. 


For the sake of brevity we say that T*™ 15 an wrreducible tensor of rank k, with respect 
to J, and an irreducible tensor of rank &, with respect to Jp. &, and &, are usually 
integers. Instead of (31.9) we have for this tensor 


o 6 OOO EF gael gap! ries j Ky 
(cjzjnm, m, | THe a’ fi74my mi) = (— 1)! m1: En mi )x 


x(—1er7™ ( J2 ke 42 )x 
—mM, 2 Me 
x(a ipfo|] TH |’ F192 (35.1) 
Upon simultaneous rotation of the two spaces, all the (24, + 1) (22 + 1) components 


fy transform according to the reducible representation D, xD hs Therefore a 


tensor which 1s irreducible with respect to J, and Jz 1s reducible with respect to 
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J oJ, +J. If we reduce D, xD a, e., pass to the quantitites 


TH, = 5) Te abetide| Auhaka), (35.2) 


Q1G2 
the double tensor T*” becomes the set of double tensors T*” of ranks k= [ki — Rel, 
ere lia + kel » reduced with respect to J. 

Let us obtain the formula which relates the reduced matrix element of the re- 
duced double tensor to the reduced matmx element of the non-reduced double tensor 
which appears 1n (35.1). As (35.1) 1s analogous to (32.1), proceeding literally in the 
same way as 1n the derivation of (33.7) we find 


As J 
(anja TO ei) = fone COO) Me Hi fy a) x 
k, kp k 
x (a AJel| TN a's 299). (35.3) 
The similanty of (35.3) and (33.7) 1s due to the fact that we may, 1f we wish, regard 
(T* x U*)" as a reduced double tensor of rank Rk, with respect to J, and ke with 


respect to Je. is non-reduced double tensor ry this case 1s the indefinite (dyadic) 
product T* x U™ with the components t Un. The internal structure of double 


tensors can be more general than that of tensor suits Thus, 1t may be a linear 
combination of such tensor products. 

The tensor product of two irreducible double tensors 1s defined in the same way 
as in the case of the usual tensors, By analogy with (32.1) we wnite 


pepe K one 
Esees x Ubi ho => Th UN (kk’aq’ | kk'KQ). (35.4) 
qa" 


To find the reduced matnx element of the product (35.4) we make use of (33.3) 
and apply (35.3) to the individual reduced matrix elements obtained, We then find 


(aired | fos x UAh* ) ! @'yiJ $i" = 
=[MaM maar} « 
x SCH EG) (adie TM Waitin 
Ret CIO aa ery: 
Avi myth & 
nr 
py RW" Fk 


In accordance with the expression (20.3), for the 15 j-coefficient the above formula 
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can be written as follows 
(«ini ||[TYx uM | ferris s') = 
=[MMaEMU] (-— iit tt 
x DCH 18 (ayy yg tl TH ats) x 


9352 
x(a" HAE a HDX 
h RR OW hy he 
xi sy K ts) (35,5) 
hohos st he hs 
This formula 1s the anasogue of (33.7) for double tensors. If mn (35.4) K=0, then, 
talang (32.5), (16.5) and (28,1) nto account, we obtain the following expression from 


aie Rs op ene 
(aiirs(Th** . UM) Nei) = 


A @ e e ° 
= 87") (AU)? (— 1) TTT TH 
x Fa Asell T0779 (F175 U Ya 70) x 
@°S53s 
Reh J 
XP hm de de |: Sel 

bey hy 
This formula gives the expression for the reduced matrix element of the scalar product 
of two double tensors. 


Appendix 1 
Notations for the Wigner, 6j-, 9y- and allied coefficients 


In this appendix we give the notations for the Clebsch-Gordan coefficients and 
the notations and forms of the Wigner, 67 - and 9 -coefficients used by various 
authors. 

Notations for the Clebsch-Gordan coefficients 

Condon and Shortley /1949/, Racah /1942/, et al 


(Ja Jojo | iy Jo My Me) = (fp Jo mM Mel frjajm) = 
== (ym | my m,_) = (m, mz | jm); 


fmm 


ehh (m,, me); 
Van der Waerden /1938/, Landau and Lifshits /1948/ 


Wigner /1931/ 


Fok /1940/ 


Ci; 
Boys and Sahn: /1954/ ™ 
 ¢ , My Jus Jos My); 
Alder /1952/ 
om e 
Sym Jun? 
Rose /1957/ 
CUirsos, my me2)3 


Fano /1951/ 
Ciyrmy, jot lividim>s 


Biedenharn /1952/, Redmond /1954/ 


Cm 
Notations and forms for the Wigner coefficients 
é Ja Js )= (A.1.1) 
mM, M, Mm, 
Racah /1942/ 
m1) (5, jada, hy mem) (a) 
Landau and Lifshits /1948/ 
=(— Lyfe Sm, puciee. (b) 
Fano /1951/ 
= (1 ji mys Jets fgg 10> (c) 
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Schwinger /1952/ 


= X (ji Jajss mh, mymM,)- (d) 
Notations and forms for the 6 7 -coefficients (Racah coefficients) 
hides 
hh ta ly {- — 
Racah /1942/ 
= (= UP Gs alah fala (2) 
Jahn /1951/ 2 
3 — 
(= Ltr -_ UCAr sea hs 5); (>) 
Boys and Sahn /1954/ 
il 
=[(i@) u(’s ‘) (c) 
(ora) oC 


Banerjee and Saha /1954/ 


Sida, 
wis yeni I I | (a) 
by 


The quantities U are the transformation matrices for three angular momenta 
(see (23.1)). 
Notations and forms for the 97 -coefficient (Wigner's 9 -coefficzent) 


hi Je Js 
| hy hy ha \- (A.1.3) 
HAG 
Fano /1951/ ore 
Ji Ja Js 
= x(: Re ns (a) 
ly Is 
Schwinger /1952/ 
= (— 1 PRPS je by hei fy hgh es be); (b) 
Hope /Jahn and Hope 1954/ ‘ 
=[4a(ha Ad] “x Ciade ba as joes Ab fs () 
Kemnedy and Chiff /1957/ 
Ii Je Ig 
=(Gaerarda] v7 € hy h a (2) 
hhh 
Amma, Horie and Tanabe /1954/ 
Nh J2 Js 
= of ko h) (e) 
hkl, 
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The quantities y and A are the transformation matrices for four angular momenta 
(see (23.4) and (23.7) ). 

The notation for the 12 s-coefficient of the first kand 1s umversal (formula 
(19.1)). The various notations for the 12 7 -coefficient of the second kind are given 
mm formulas (19,3)-(19.5). 


Appendix 2 
Algebraic formulas for the Clebsch-Gordan coefficients 
In this section we give the algebraic formulas for the coefficient B)p, wm; (jm) 


which enters into the formulas for the Clebsch-Gordan coefficients as follows (see the 
end of section 4) 


(ji Jom — mz ma) frfeii + & m) =A p51) ° B jum (Sa™)s (A. 2.1) 
where* be hes (2/,41). 2 
; 2 k+l 2 

A juli) = att] (A. 2.2) 

U™ = U(U — 1)..(U — x + 1). (A, 2.3) 


The coefficient B satisfies the following condition 


B yp -mAdiv) =(—1) 9 "Byam iv —m)s 


The formulas are therefore given only for non-negative values of mM, 


a oe De ww ee ee we ee SS we oe oe 


* See formula (4,17)~Translator. 
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R=) 


4 


—[ 20, 4+mi—m ] [ci-m(n—mn]" 


1 
0 2m (26,4) a-m+n} 


a 1 
J (2c4,+ m4 Ni—m+ | [A+mn+m+i)” 


i) fo 
i) A) 


, $ 


“E | oletm—s)le—eea)"P | -[o-nt 8)" 


E | ~(rom—a)facmea} |Lobeem a) oraeg)"T 


+ | Gi-amed)freme dy |-folarmed) ame d)f 


: E (+m +3)"(.-0+3))° ( oe 2 y° 
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[ere getut oe 
¥ 


| 


tT 


alot sa 0} 


[ote ite +'o]2- e- 


tT 


(ps! + M+ “y) q+ ue— 
[cote —) out 9] | [ate—-om+ne)a- wa 
t ¥ 


[wet eta w+ 19] 2— 


[ott te 0]a—Het D2 
¥ 4 


[ott tet dm + 0] 2— 


Jor bia! )} 
t 


¥ 


[we+m—") ggtut a] 
3 
tT 


[ate-Matetng]ug 
z 


[a+ y— ae e]2 
[en (us + 19) uz — 
t 


lo "Dg +°9 9] 


Note 
(Tables for jg=5/2, 3, 


7/2 and 4 are given separately at the end of the book 


121 


Appendix 3 
Diagrams of 18 j-coefficients 


In this appendix we give the (conventionally) standard forms of the two-dimen- 
sional diagrams of those 18 7 -coefficients which do not decompose into simpler 4-co- 
efficients, There are 18 of these. They are denoted by capital letters corresponding 
to the algebraic formulas of the next appendix, 


Figure A. 3.3 Figure A, 3.4 
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Figure A, 3.11 Figure A, 3.14 


Appendix 4 


Properties of 18 7 -coefficients 


In this appendix we give the symmetry properties of the 18 j -coefficients and 
their expressions in terms of simpler j-coefficients, The letters on the left-hand 
side of each equation indicate the corresponding diagrams of the 18 j -coefficients 1n 
appendix 3, 


A (it jz js Js Is Se hy, hy hy hy hy hy 
La |, L leg= Lhe k tk 4, 
hy fy hy hy fg Be ji Je Js Js Js Se 


ja ts da ds to Me ki Je Is Js is Je 
=) hk hl lk ht=) &4 4 &§ &§ & hl= 
he hy hy hy he hh Ti Ry By hy by hee 


“Feb S Hd 


je hy ® Rs ‘t bs he ‘t. 
Vie Wi ah i ‘on 


Bis, Je Js Is Js Je hy hy hy hy hy he 
R&L& R=] 4 bb & k= 


hy he fy hy By he ji fa ts ty ts te 
Je Js Ig Js Je h hi Je Is Ie Js Je 
= LA, & bk Al= 6olk hk At{= 
he Ry ky hy he hk, ke ky ky hy hy 
= Fenn" h, ‘t r hs ' (" k, "hx 
8 ke Jn Ay Rats fe) Re ag fs 
cet Alf Me nas 
kg jg la) Vike te Isp NA an a) are 
4 Ji Ay he Ag ky ni 
Jn Ri hy ky j2f = 
Is hi ki | Ph , 


Ja ky k, hk, ky Je Ji Py Ry ks k, ni 
Ja RGRS ke Rigs Je Ri ky hy hy J2 


Ji Ry hy Ry hy J; Ji Rg hy he yy 
= VJs ky ks ky 4 Is C= 1)? J2 ky ky ky ks Js 


je hi hy Rs ky Js Ja AL Re ASRS 75 


F Ry ky ky hy i i Rr ky hy ky i 


Y x jy \( ta * fz) {ta * J; 
= LX — l) oe ky it Ig 5 Hy ny he i (A. 4.3) 
k J2 k, 1 Js ky ky nh k, 


P= fo— Sat is— Jy 


4 
¥= DIGI) + het AR — by BA 4 Ox. 


127 


D yan A Js oda 
a | ky $2 
k, kAp= 
a 7 
e o of of 
nh te an 
Is Ip A he hh do ho fb A ode 
53 k, a | 5) k, 54 
= {hy ky) = { ke B}= 
cA k, $; $9 ky $3 
” oy of of ° . : : 
Ia ts Gh Js tn A ig Sa 
a * fe * fizds _ 
= z)( — J an ae 2 7 x 
2 ( M $55, ko} \ 52 31 Re isis x 
Rilg x hy 
Xx] So 53 hi Jy |e (A. 4.4) 


e e 0 
Jn hy Ig 


Poy ~Ietiatuthn +J2—Iatisthethit kit. 


Ein js A ds Je ds Ja 4 yn Ia 
ki , 
, $y = ) 53 5 a, | = 
Xi k, ky ha 
Ki Je |2 Ss. Ja Jo fo bho fy ds 
Jo hh & Js Js 
ky ky 
=(~1)? 45 5, Sg Ss = 
ks Ri 


je Ky hod js 
ky hy x) [Rg hax | fiose x 
= Fi(- 4 te ee | eare 
z Je Ja $e) Wa Je Sad VI4Ig 4 
n *& ky Jy 
x S © 8 Ff. (A. 4.5) 
ji ke k, Jo 
4 
@= > sthth, 


I=] 


bya — Ja tg Ig t 25, + 25s. 
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Ng Js Je nh OR 
=~{ 44445 &§ & & ib = 
k J Ji 


Js Je yn Ns k} ’ 
=a(—l)?) Hk & A . a iy = 
k’ J3 


ot 


J3 ni 


= d wal fa rN 
>, (1) (%)(— 1) [ a] : X3 Je 


fr “| Ji Xe de 
Xthan Is I ds | Rf. 
wkd, § ods 
G=Jatig th, 
Poy —Jetis—ig Nn meth thr kt bt hth +h. 


(A. 4.6) 


G Ni Je Is Je Jo Is Ia hh 
a a a i te he Ay 
. k’ Ok = 
Lk&a | RR | 
ji de Jn Is ye ds Ja hh 


> 
cd 
l 


HRN hhh fh 
hak | Eke | 
=(-1)* kh R’ =(— 1)" kh 
hak t hk kid 
ni Ja Ja ds Jia Jn Ja nk 
ik f(s i My Jatan | (sales 
=F «(-1)" Eh x a h et ‘s , Is ig (A. 4.7) 
i i x k 
= 2 k+ 2 ‘ 


4 
G2 = > (i+ fr), 


1=1 


G=Ath-A—AthAtetatetrr—#. 


-{* A yy Ud ha 
ae, 


— ny 0 Ja - 
kA kh mk hk hm hy 


_ yp {AE a 
2 Ca) a)“ OD i ty Ii XeJs 
% %_ Ay % Om OM hp 
Xt AB Is he ode Kh Ss f- 
Ridi Je | nn 


Ymfotiatss—Iat ht ket ks + 25 — mt te 


k, 4 he 
A, i |= 
hy Rh Ok; 
Ji Js "3 Jn Ws 
ae ns ee ae Js je "2 Ja Ja 
ee,” a 
, A i=] 4 &£ j= 
by ls he Ay L, hy 
> nr) as oe, ee an nh K 
h, ki x hk, ky x 
=Zen- ceal hy & 


Ts v; x 


Jo di Ja Je he hy 
| 


dn ti dy Sy OR OR 
G=h+h—n+r—A—Is—Iethathy — ke 
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(A. 4.8) 


(A. 4.9) 


kA of Rs ke hy 
1" Ss Ss Te (= 4% Se 5 4 P= 
ki OF Rg | an a 
ii te oda I Is 95 wo 
nods Js Is Js Ia nh Je 
KROPF, lok 
={rn & % mp=(—Ilin ss § p= 
ee, BA OF Ok 
ji Ja Is Ja ; a 7) Jy Je 
i Je jy ky de 
~Zon-otfae ke Ja | E Rs Ja . ne thes a a) (A. 4,10) 
mx rg) in x Fe 


4 
—ht+h—-kh+ > (J, +2’), 


po2r+2s,. 


mom Pe a 
Jo he de} [ia fe el JAA OK 

< = i " SE 33 = 
hm 4 & mh & L ph & 

r or a a 


hoih & Boma | hp & 
Bo eH ee kee 


ni 
| kgm’ m 


Ar 
a } (A. 4.11) 
r Pol 
G=AtAt+Ii+I2 


Ee Hea i aa 


hi 4s A fs 
xir Ai Pe Pa 
ns | 


Poj—jg— i thet hy t Ret hit kp 


nh km ky yn 


4 py 4 
5; So J = 
i Ps iH 
Jo fy vr Ry Jy 
Je ky m ky ge Je ky m hk, 
i, Ps ls i; Pe ly 
$, So = So 5 
4, Ay s 4 pi sy 
nor kK nh Ror hk 


Ll Ila s 
¢} a “2 1 §g Sg 
= Lia(-nt{ aH | 
2, (2)( ) Pe Py Sy Pe Pi * n 
Ji Je ky hs ls 
x r m x ; 
nen h &® hm & A 
P=y—petht+h—Ath—m—r+s. 
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ky hy 
i A Pe my=s 
ky k, 
Ah s & he 
jp bb cs Ah yn kh oe 
ke ky k, ki 
re Pp, mp = hr pe Pp, Om 
k, ky ky ky 
ds Bos & hn jo bh s kh k 


re 


(A. 4,12) 


(A, 4.13) 


R,j kK bl man nw 


cn mm FR fj’ 


n’ m’ s a ee 
> Xe ler us’ x 


y 
Y te on (A, 4,15) 


S (3 
r 
u 


=> ()(~ 1)" e 


J 


m, p pom | Lb 


= Denea(—{? : , 


XX, f 
cf vad | 


Rk, Ry J i, Ry m, t, ky m; 
KYA RI CY be hg msg fb, ky me 
X, X_ & t x, p t xX p’ 


(A.4.14) 


ge=ftjftht+ktpte +kht+kt+ut+22, 
patsy +etht+h+h—me—m+pt+p’. 


7M Rh’ {' m’ n’ 


, om’ nom 


setae 


kilm in t 
Save oe 


nim I- 


x p Medd ae 
u p’ Ix p Vix p’ 


n’ t 
Ss pri?i= 
lok jy 


n 
mie. (A.4 16) 


Past Pt Rt RK tltl+ptp'+ 254+ 25 +u—x 
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wae 2 s eae a 
“te wr £ pl ¢ psey 


sos 2 


=e? : Sear | he yey 


r jf t y 
| rr ee ee ee 
ee a ee | 


Y= H—jf—jfimtm+ntn'+s4+s' —u, 


Uh PR jf ¢€ y hk 1] 
= f ¥# ros = 
| rn a, a ee a ee) 


~zooeol LEMP 


x,mujlxem'u slp’ xt 
a q o {’ ° 
mr mr 
x kr’ SI ore 1 ee at 
rk x, 
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(A. 4.17) 


(A. 4,18) 


Appendix 5 


Expressions for the transformation matrices of eigenfunctions 
of five coupled angular momenta 


For matrix elements which are expressed 1n terms of 6) - and 97 -coefficients, 
we only give their expressions in terms of the product of the simplified matnces, In 
the remaimng cases we give expressions for the matmx elements in terms of 12 7-co- 
efficients of the first and second kind. Expressions are given only for those matrices 
which were included 1n Table 23.1, as the remainder may be reduced to these by 
elementary means (cf, the remark 1n connection with Table 23.1 on page 79). The 
notation for products of matrices and coupling schemes was stipulated in section 21, 


To shorten the notation the abbreviation [...]* 1s used, 1n which the dotted 
line denotes the product of the quantities (2 J +1) for all intermediate angular momenta 
on the mght and left sides of the transformation matrix. 

Matrices susceptible of expression 1n terms of the product of two 6 9 -coefficients 


((12345)* | (13254)*) = 


= ((12345)* | (13245) * | (13254). (A. 5.1) 


((12345)* | (35412)) = 


= ((12345) | (12354) | (35412)), (A.5.2) 


Matrices susceptible of expression in terms of product of three 67 -coefficients 


((12345) |(13452)**) = 


== ((12345)* | (13245) | (13425) | (13452)") (A.5.3) 


( (12345)* |(13524)] = 


= ((12345)* | (13245)* | (13254) \(13524)*), (A.5 4) 


((12345)* 1(34152)*) = 


= ((12345)* | (12345) | (34125) | (34152)*). (A.5.5) 
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((12345)* | (34512)*) = 


= ((12345y |(12345)*| (12345) | (34512)*). 


((12345)*"| (45312)*) = 


- ((12345)* | (45123) | (12453) \(45312)*) , 


((12345)* | (35142)**) - 


= (12345)* | 12354)" |(35124y" |(35142)"). 


((12345)* | (13245)*) = 


= ((12345)* | (12345) | (12345) | (13245)*). 


((12345)* |(13425)*") = 


= ((12345)** |(12345)* | (34125) | (13425)*). 


((12345)* | (13452)*) = 


a ((12345)* | (34512)* | (34152) \(13452)*). 


((12345)*| (15234)**) = 


= ((12345)"*| (34125) | (12534)* | (15234)*)., 


((12345)* |(15342)*) = 


- ((12345)* (34512) | (15342)“*| (15342)*), 


((12345)* |(35124)*) = 


= ((12345)* | (12354) | (12354) 1(35124)*). 


(12345) 1(35142)*) - 


= ((12345)" | (12354) | (35412) | (35142)*). 
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(A.5.6) 


(A.5.7) 


(A.5.8) 


(A.5.9) 


(A.5.10) 


(A.5 11) 


(A.5.12) 


(A.5.13) 


(A.5.14) 


(A.5.15) 


((12345)*| (13254)*) = 


ss ((12345)* | (12345) | (12354) | (13254)*). (A.5.16) 
((12345)* \(13452)*) o 
s ((12345)* | (34125)* 9(13425)**| (13452)*) (A.S.17) 


((12345)*|(15234)*") = 

~ ((12345)* | (34125) |(34152)% \(15234)),. (A.5.18) 
((12345)*"|(15234)) = 

= ((12345)**| (34215) | (15342) |(15234)*). (A.5.19) 

Matnices susceptible of expression in terms of products of 6y- and 9j-coefficients 

((12345)* 1(13542)) = 

= ((12345)* 1 (13245) \(13542)*). (A.5.20) 
((12345)* \(14352)*) = 

= ((12345)* | (14325)* |(14352)*). (A.5.21) 
((12345)* | (35412)*) = 

= ((12345)* \(12354)| (35412)*). (A.5.22) 
((12345)* |(13452)*) = 

- ((12345)* \(12453)* \(13452)*}, (A.5.23) 
((12345)* |(13254)*) = 

= ((12345)* | (12354) |(13254)), (A.5.24) 
((12345)* |(13542)*) = 

= ((12345)* 1(34512)* | (13542)*). (A.5.25) 
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((12345)*| (15342)*) = 

= ((12345)* | (15342)*"| (15342)*). (A.5.26) 
((12345)* ((13245)*} = 

= ((12345)* | (13245) |(13245)*). (A.5 27) 


Matrices susceptible of expression in terms of 12j-~-coefficients of the first kind 


(12345) | (14532)) =(—1)°T...1? x 


J3 J: 123 J is94 J 
x) Ji I js Jises (A.5.28) 
J2 ni Jus J 145 ° 


9 = Sie t+Jios —JSias — Ji: 
(12345) |(15342)") =(—1)°[.. J? x 


Ji J Ja 


3 
Is Jw Sissy Sizes 
= Sis —Jie —Sisas +Jisss 


(A.5.29) 


J2 J Ji23 J i235 


((12345y*|(15432)") = (—1)%(...JPx 


J2 Jg Js (A.5 30) 
J J 1345 J 145 J 1$ 


G =I, ~J2— Ia ~ Ja Is t+ J- 


hi Sie Sies Size 
| Is 


(12345) | (35142)"") =(=1)°E.. ahs 
Is Jss Saas Is | 


js oh Jisas = S134 (A.5.31) 


Jin Jui he PA 
g=JetiatistJietJos — Jizs ~Jias — J 


x 
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(12345) (13245y") =. . 74 x 
Jus Ju Js J 23 
x I6 Ja d J 
Jus Jun he Jia 
(¢12345)*1(13254)%) =(—~ 1)" EJF x 


Jos ds h ods 
ds Jus Sis Ns 
Ju Jus J Juss 


eefbletisttatist+ Satis t+ Ses + Sas tl 
((12345y* j(13524)") —=(—1)°[... }* x 
Jis Juss Js Js28 
x Je 


x 


J Jui Sp 
Jisss Is i kh 


9 =53—~ Sst diet Sia — Js35 ~ Ss — J ies: 
(12345) 113524)" = (— 17° (3? x 


Juss fa Sue Siz 
x Jus ht Sus fj 
Is Ju da Ja ’ 
gf) —Setls Jats ~Jiz ~ Joa S126 J 
((12345y" (13542)*") =(~1)°L.. JF x 


Jiaas Je Iss Siena * 
x | Jiss ds Jie J 
Is J 3 OSs Je P) 


G=jtigtis~Siu—J 


(12345) (15324)") =(~1)° L.-J? x 


ne £17 ae Jiss | 
$ 
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{A.5.32) 


(A,5.33) 


(A.5.34) 


(A,5.35) 


(A.5.36) 


(A,5.37) 


9 =) —Ig— Is —Is FS iss: 
((12345)*|(13254)") =(—1)°[.. JPx 
J Jiu hh Jz 
x Jus Js Ju Is (A.5.38) 
Js Ja Ju J izss a 
9 =Je— Ses ~ Size + J: 


(12545) |(13452y*)=(—1)"f...J? x 


x 


Jus hh Sus 
Jes Jn Suz Suz 


G=N tsa Ia — Sis tla tle tis — J: 


(A.5.39) 


J Ju ds Is 
Is 


Matrices susceptible of expression in terms of 12 j-coefficients of the second kind: 


i ti Jus Sies J 
((12345)* | (14523)*) =(—1)¥L. eX] ta Sis Js Sis 


(A,5.40) 
Jia Sresate ds 
G=h— Sie — Jia tJSi2ag + Sins — J: 
J Jos I4 Jj 
((12345)* | (13254)**) =(—1)?[...J8 «| Siete te Sis (A.5.41) 
Js Jin Sivas Ja J> 
9 =), — Js — Jaa + J- 
J Si J 3s 
(ca2345y|(13452y")—=(—1)° EJ x] is Siow Jo (A.5.42) 
Jissata Ja Sigds 
P= —Sis — Saat Jes + Sita — J: 
Sissi Ja Seas 
((12345)" |(15324)**] =(—1)°[.. jt Xt Js Sisas Js Sis (A.5.43) 
Sis Jus tat ds 


9=N1 —Is—JSy 
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Appendix 6 
Sum rules on )-coefficients 


In this appendix we give the most frequently used sum rules, We have for con- 
vemience repeated the sum rules for 6j;-, 9j- and 127 -coefficrents which appeared 
in the text, For the sum rules on 3 mj-coefficients, which were given in the text, we 
have simply indicated the numbers of these formulas, Wherever possible the formulas 
have been placed in such a way that the succession of formulas of the same type for 
6f-, 9y- and 12) -coefficients ends with the general formula. In most cases we con- 
fined outselves to formulas containing only one summation parameter. 

Orthogonality relations 


ije x Jide * 
Z| I by by H hy & }- 
== 8 (dys) (lg) ~? { ty lots } { A Je ls }. (A, 6.1) 


%, X%2 J3 % Xo Ja 
PRCAIC hy Re hyp) Ay he hy (= 
ae lL ly ls Hid 
== B(kg, bg) B (Igy 15) (ha) * (a)? { By Rebs } X (A. 6.2) 
X { lileds }{ tg gly}. 


ST eds){ A & & xx 
eres i a 
hy ig Mm Oe 
x b ly ls %3 (= 8(45 I) .) (ks, ks) 8 (Ry, k:) x 


kh ok Ob hy 
x ()72 (Re) (Rg) f faba te } Rid ke} x 
x { Ralghs } {kala ky}: (A. 6.3) 


¥1J2 Js Je |f *1Je Ja Js 
> (x4) (xs(x_)} 4 xe 4 h wih |= 
at Xa hy hy Ruth x, hy hy hy 
= BC Jay Fa) 5 (les 1g) BCRas 43) (44)7 2 (1) (Ra) * X 


K {Uke tab hala tab Iala Rah fle hy Je}. Coy Ort) 
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Jr % os ne 7 
> de GeDl om & ee l-, 4, |x 
ky ke ky hs kya kp 


hi oe es: as To | Jn 

x xy L ls woe es = 
hk, ky hy woe kes k’ 

= B (Rg, hy)... B(Ry, RAB (ly, Lh) (Ra)? - «> Chg) *(G,)-2 X 


x { kyla hs } my ot {Ry-alewa bad (Relea bE tn bad }. (A. 6.5) 


See also (24,1). 
Sum rules of the type in which the sum of the product of two j-coefficients 
reduces to the same J-coefficient 


F(2)¢ = vt} Jado \W l | =(-1)* “ats Jats \ rare 


oe aia 


h l, x Is |, > l; A Ja 
Jy J2 Js 4 de Jy 
Tee -D4 4 & b ih & }= 
ac % Xe hy J |X Xq hy 
Ni JeJs 
=(— ypatncitan lo L L, (A. 6.7) 
Es fa hg 


hides Je 
Y eed -D"Y 4 bb up 


By Bo Xy %,  X_ Xa hy 
Ki Je J3 Ja 

x | hh kh tl | ma (— 1 Tate Hottdimtthodey 
% % % 4b 
nw ts 4 

| h & jn (A. 6.8) 


o 


[} | a ee) 
nh Je %y Xe if x Xe Js Is 
> wate I dy fe Is I, i+ 
or Ry Xq hy Re JLx, hy hy hy 
Jy Jo Ja Is 
malt lp ts | (A. 6.9) 
hy he hy Re 


See also (24.6). 
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Formulas for the expansion of j-coefficients 


Ja Jo Ja on oe 
Pega cen pred read ere ee 


hh Je Js Js 
LK bh & ke= 


=(= Ye dodhadigenn x 


WEN De ot l, Nie ah nae a 


Ja hy ® 
x{ 1 hy I } (A. 6.211) 
Jy Ja Ja Ja 
sh i |e (sap are 
hy he hy hg 
kak, x eal ars 
x{ 5 fi la WN Sa Se a JN Ie Se bo V Paes 


See also (17,1) and (17.2). 
Recursion formulas 


jy Ja Js Ja 
h bh  kf=(-l ania ial 
ky hp by hy 


x 5 (x)(— 1) fee ibe : os, 
hy I 


hak bla aay 


fin teed de 
Lb Ewen fs, 5 ae 1h anit x 
a rs 


ty Jo penta In~wo Ino1 
x > (*) BE dees 5 x 1x 
‘ R, Ry oes Ryag Ry 


ky tl, hp 6 lL, oIn 
: A. 6.14 
x{ la-1 Ra-i * lam In-1 x ( 


(A, 6.13) 


See also (24,8). 
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Single sum of one 3 7 -coefficient 


>, (x) {110%} = (1) (12)- 


2,2 -—1)'{rnx}e(—- 19°" (4). 
Ni Jo % 


Te ee }=(— 1)"{ jy fads }. 


Le-D oe t (— NF (4,) an} x 


Ldsx 
xX 8(75, 9). 
Si Js Ja a ape 
DIY ar bs he P= [Cid] (DB igs) 
z x Ryd; 
X {drteda} { Riss hy}. 


hi Je Js 
>) Ry he Ry § = (4g)? BC jg, Bed { srtets } { Ai d'y ha}- 
* eh hy 


Jy Se Is Je 
>, (=) Lk, b,x |- 5 (Ja Jy) 8 (ys Ag) X 
= ky hy ky ky 

[Gn] tatsh Hahah 


Ii Je Ia Ia 
>, (= = 1)* h le i; x =o ( as Ly trhtienbthe yy 
hy Re ta Je 


Ni Ja fa 
x1 4, Re dg f 
ky ky do 


ji fe Is hy 
>» @) Lo bp hy f= BC fer he) B(Ys, Fe) 
= yy hy ke hy 


x (Ge) G)] (i Sot } {Joa le} { Ai J5 ty). 
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(A. 6.15) 


(A. 6.16) 


(A. 6.17) 


(A. 6.18) 


(A. 6.19) 


(A. 6.20) 


(A. 6.21) 


(A. 6.22) 


(A. 6.23) 


hode J3 ds 
Zia ho bh bh #f=(—he*x 
ee ee 


Seere Pees, wane 


hi te Ig * 
bn hh hl a(aiPeMirny 
ky hy hy hy 


I, ky |, i h kyl, 
a A, 6.25 
shia h, hz ky 


>® 


= 


ds Jy *® 
>) -1F ri “h bby fa (—1)rATHe* 
: js ho by he 


x5 (Re, A Hiamay{ 7 ; (A, 6.26) 


yi eos rk, yy 
Z0| i tite Dy | = BC Jay Ba) «++ Bin Ra) (Cia) + Gad] 
- it hy feces ky ky 


Xf prlate}fseletg} «++ {Int hr} (A. 6.27) 
ji Je tee dp hy 
+@) 4 &.. 4 *#]= 
e er, | 
=B (Jas by) +++ BU» Ande Gd] 
% (jibe) {Salats} o> > (ind Ri}. (A. 6.28) 


Ji Je ee Sy 
SOM-DP 4 bee & #]= 


a 
Ji Je oe 

=(— J) “An ioe Parr ?. (A. 6.29) 
by hp wee hy 


See also (24,11). 
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Ni de Sam * 
XC) a ee ee RQ Se-ail(= 
nr re ae * 


peut Ji 008 Sune Sn~r 
=(— —1) ' aetna 4 eee b =o k, . 
a ee, 


ni Ja varie Jana * 
>, (=) A o&.-- ti Inna |= 
Ay 


* Re eoe ae k. 


om 


yt coe Jno Inn 


mcanfttestin| De coe a (A, 


hy. wah Wes 


Jy Je ee ta | ed 
>, (= — 1) ho ok... Inner gma ( = 
. In-i Re “7 Rani k, 
= B (Ryans SCAB (— I {iy Ry lyn PX 


ji Je 28° Inns 
x | ae ae Leg is (A. 


In-1 hy Pee Rams 


hr Sete Inne ni x 
>, (=)¢ fo 1)" ae Se l—s la | ie 
eM. eo, beg 
wk, +k 


=B(Rys Ry) (Ay-? (1) {Ry Ra lana} x 


fu Jaz 8 Inne 
x h 4b eee | . 
hy Re saris Rae 


A single sum of products of one 3 %J-coefficient and one 6 j-coefficient 


Js Je Js k 
Zea ls Is i aes , = 
hey be . 


> 


Ji Je Js L&l, 
=") Pea —e hn ke J 
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A. 


6.30) 


6.31) 


6.32) 


. 6.33) 


. 6.34) 


=(— 


=(— af 


x 


de k, k 
m(—nieonannl l, jg 


Ji Jo Ia I . 
Eu 1 ly ly x 9 rer 


Jaks |, 


hy Ry ky he 


Ji Je Ja Je 
2 (s(-)" E hh ly = “| eat o 
hy ha hy hg rd 
a aes ed | 
Indo alan & 

x fe hy ba : 

Joh 4 
X¢ os is ky Ig x 
*) “a h . Ji kyl, 


hy ky hy hy 


di Je Ja Ie 
Ser-N)} 4 & & s 


os a 


ee ( ee | y’ F923 — Jet th ttl tht 


ieee 


Jo Ja fy 
Tol “ L 4b a 


on a 
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Ja da Re he 

Is Rady ky 
ky jg % 
k, hh l, 


Js Ja ly 
k, ky; |, 


Néhwfathy—bthythsthy *s AM ds 
1 OO Ny hh ly 
k, J3 Ra Ja 


| = 


x 


|~ 


(A, 


6.35) 


- 6.36) 


. 6.37) 


. 6.38) 


- 6.39) 


x 


hi 
Zener 4 k elles ky x \ 
7 lajq Ry 


—_ ( wo LPP thethth thet hs thy bs x > b a“ “‘ k 1 
ky, Is L, k, 


jt Gir Inn In ‘ 
Zoo yess Lat {i we |. 
' ky Ia k,-1 k, 


ys @ee , Pe 
Zeal Piece is ‘ Pato 
hy, ee k, 


n 4, 
» Ryws Ja J 
9 hh 008 Jnmy Jn 
=(~1)” wa we Ly 
lA 


h =e aaa 
eocmo"f a be eat “lag 7 
x hy : 


Ry~y 


=(— 1) Rar te Dynan thy ty 


x{ 7 Ja 7: Ja e a In-i oh x| $45: tect \ 
hy By by NN a Rely J” Una Rm 2 be k, ko, ly 


Fy 00 Ign 
% Jy Ij, * = 
Y= j Lica ca ee es |. 


i vee Rye) 


a (a 1feetarninttn [2 Ie ; Jo Ia bs 


Ra ky ly Ra Fe 


revered Caceres 
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(A. 


. 6.40) 


6.41) 


e 6,42) 


. 6.43) 


. 6.44) 


Rar = Dib t ay 
i=1 
j ae Pe x 
xe MeCN faba 
en 0, ree eS a 


ri oe In~2 Inw1 


sas] yeaa ene | bees Ls In bs 
a 


{% OR, ; 
baa Ry-1 In : saa 
fie, © he & & 
coe Ryu 


: Jy 8 Inma Ja~1 
=(— 1th, le dn IX 


ee Ry~s 


hod, Rp } 


. bana k,-1 In 


(A, 6.46) 


A single sum of products of one 3nf -coefficient and 94 - and more compl- 
cated coefficients 


Ii Je % Ji Jo % ae kel, BG 
XC) k, ka ky | hy Ry ky - (—Uenrh“ FT 5, hs dy ty (A. 6.47) 
x bh, le fs a l, lo Ig Ry hy 


yi oe In-1 In 
>, (x) — 1)’ ty ee Lemay ¥ (X 


k, eee k,-; k. 


hh # 
x re L j, ae 1) ‘ate atit nt ats x 


L+a ka+1 hy 


nh et Inna I, Ina 
x b, eee Li i are ° (A. 6.48) 


hy iad Rms k, heres 
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h ffi Invi In 
XG se ee OS 


‘ 


Ji coe Junk Jn Int 
x l eee l-1 i, rey e 
k, e¢$e0 k, k 


ie see 
Ak hog +h +) 
ee L, j, =(— 1)/or* aba thn nti y 
Li. Ra+1 k, 


Ras 
ri abe Jen~1 Im 

>, (x) by see leony =X 7X 
a k, eee Rn-) k, 


Jm a di 
x dower d=(— 17h x 
ke eee k, 


Jy 88 Imma Im 800 Sn 
A eee le eee i e 


ree ar Sarr | 


hy tee hy 


Jum ho dm tee Ie 
ee 2...) en ee a Ce 
+ hans Rey n OA 


a 
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(A. 6.49) 
(A. 6.50) 
(A. 6.51) 
yin he thn x 
(A. 6.52) 


A few other sum rules 


_ ny Jy * ine tee b, or 
2 ((=0) ee ly bas IV bef J 
a(nthtsstai thithitheith) 


= (—1)) 


k, kz k, apa 
nwo Wh aay 


ji J2 Js Je l, b P; 
Si-O e))  & hem b f= 
7%, hk hk My & hy ke Pe 


« 6.53) 


Jo bz Ish, - 
a (a Let tith th: Je hy ia 
(—1) f Py ‘, i hety by (A, 6.54) 


hy by Ja 
See also (24,10), 


> (x2) «+ (Xq_3) X 


Byece poy 


| a a hk, «ee hk, 
x A bla vee bay door 1, 0é 


da #4 eee Tpmy Tp ece In 


ki Ri eer et ky Rass ees k. 
x A by eos bea i bet eae a 


ne Ir Ta re 


Ji Ie 20.2 Ia 


KOK Be oe hy 
x x i, beet eve rx 


A Sn Tha ooo Sn 


a os 
x 4, & lp-y XR (A 


Rh, kh, ee Ry ki 


; ky k, e¢e k,, 
= (— 1) Bahr F151) x bpoee Ob 3X 
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. 6.55) 


Appendix 7 


The simplest summation and transformation formulas 
for ym-coefficients 


In this appendix formulas are given only for those jm-coefficients the diagrams 
of which contain no more than one closed cycle. 


fem [A de f n Is = 
so (AAA A) 
= {Ar fe SHI Bm, my’) 1) B (tym). (A. 7.1) 


x(- Jyomtinm [ Je )( hood ,)= 


mgm, m, m, m/\~m, — ith, —m' 
=8(j, 7°) G7) Ua te FH 1B (em, mm). (A. 7.2) 
wera as ‘ 

X(-! ae 6 Le = ) = (j)* 8(j", 0) 5 (m’,0). (A. 7.3) 


Poe aiaiaialas | gel Bd | pled | oa _.)= 


fefiaty 


_ me i Ji JeJs - Je Ja ). (A. 7.4) 


ly lg} \ my, my my 


> (— ees 


x 
MaMreMe 
«(A Bah | eed eo e) ca _3)- 
= Zi" 7 ye . 


l a 4 a \( no Ig 8 ) ( a fa Je ) 
: ‘ x As 7S 
«LG Is | nh Jn 4 m m YY —pP My, mM, 


a theta | 4 aA 
= F(a(—1) » (m1 tiers lat fis} 
= I, by Jy 


x (7 Jy “)( ay ds ). vere 
im, My PS \—P My M, 


> (- pam ie ca aa ” 


Mg NgMs 
x(% hh ib | Js “VG J3 x 

%, 9%, — Me Hp M, — My fig My — Ms 

( Js eC Js .) 
x = 
fg Mg — Ms] \Ns Ms — My 
- > (<4) (05) (— 1) 27th eth tet th tame x 
2,a,4,), 
{2% 4 a Je see - 
RAHUL INGAAS 


x ( J3 1) (® Ie we | Qa, Js 7 ee 
My M, — ty Pi Ms, Pe — py Me. My, (A. -/a) 


= F ey yr 
x(— 1) Ists 4 


aa, 
d d. 
= hx 
Je 'y Js 
Jq G2 Jy 


le J: a a ; 
- (’: J3 a tage *) ( 2 J4 a ree 
Me Ms —Py/ \ty MMs Yg/ \ — Pe Mg my 


27.+ s+i+i 
(= 1) tether, "ye 


I, a by 
hahthtehth+a—a; 


6—}, +4,—}, 


>, (a (e)(— 1) 


@:6)4,P; 
4 6 & | 
x Ji Jo Jy '5 7X 


Jo % G@ Js 


CL ecto ee ee 
Mi, M, yh] \— Py Ms Pe/ \— Be Mg ms 
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